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Outline

0 Linearized elasto-plasticity and problem setup
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Key objects in linearized elasto-plasticity

@ displacement vector:
w:[0,T] x Q2 —R"

@ linearized strain tensor:
Eu :=sym Vu = (Vu + Vu")

elastic strain tensor:
e:[0,T] x Q — M
plastic strain tensor:
p:[0,T] x Q— Mix" :={Ae My : trA=0}

dev

@ elasticity domain:

K C M}X" convex, compact neighbourhood of 0

@ stress tensors:
0:[0,T] x Q — M
Xkin : [0, T] x Q@ — M "

Xiso : [0, T] x @ = R

@ internal isotropic hardening variable:
a:[0,T]xQ—=R
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Perfect plasticity
Find (u, e, p) such that Vt € [0, T]:

(c1)

Eu=e+p forz e

u=w forzelp 0__
o=Ce

—div,o=f forx e / |
o-v(x)=g forz e 92\ Tp A

Odev € K T / Eu

If 04ev € intK, then p = 0.
If 0qev € OK, then p L OK at 0gey. 1

)

Odev € OR(p), where R(p) :=sups:p.
cEK

~  E(t,u,e,p) :=%/Q(Ce:edac—<ﬁ(t),u>

R(p) = / R(p) dz
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The natural setting for perfect plasticity

We use the space

BD(Q) = {u e L' (R : Bu e Mb(Q;M”X")}.

sym

Since p € M,(QUTp; MX™), we interpret

dev

Moreover, the boundary condition is relaxed by requiring that

p=(w—u)®vH" onTp.
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Plasticity with kinematic hardening

Find (u, e, p) such that Vt € [0, T]:
(c1) Eu=e+p forx €

u=w forzelp
(c2) o =Ce

Xkin = —Hikinp
(c3) —divyo=f forx e
o-v(x)=g forz e IQ\Tp
(c4) odev + Xkin € K
(c5) Tdev + Xkin € OR(D)

~  E(t,u,e,p): /(Ce edr + = /Hkmp pdm—(ﬁt) u>

- [ R@)ao
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Plasticity with isotropic hardening
Find (u, e, p, @) such that V¢ € [0, T:
(cl) Eu=e+p forx e
u=w forxelp
(c2) o =Ce
Xiso = —Hisox
(c3) —divpo=f forx e
o-v(x)=g forz e IQ\Tp
(c4) odev € (1 — Xiso) K
(c5) (Tdevs Xiso) € OR(p, ¢t), where

_ JR(p) ifR(p) <, 1
(p.a) = {+oo else.

=)

~  E(t,u,e,p,a) ::%/(Ce:edx—i—%/Hisoa-adx—<£(t),u>
Q Q

Rip,a) = /Q Bl e
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The variational formulation for rate-independent processes

A function ¢ : [0,7] — X is an energetic solution of a rate-independent process
(X, &, R) if for every t € [0,T] it satisfies:

(1) Global stability:
for every comparable state § € X

(2) Energy balance:

E(t,q(t) + Vr(g;0,t) =£(0, q / %E(s,q(s
N—— N——
present energy  dissipated energy |n|t|a| energy

work of external forces

where Vz(q; a,b) := sup {Z;:ll R(q(ti+1) — q(t;)) : all partitions of [a, b]}
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A heterogeneous perfectly-plastic thin plate

Let w C R2 be a bounded, connected, and open set with a C? boundary. We

define - -
hoo_ _hn ho_ _nhn
Q.-wx( 2,2>, r'p: 'ny< 2,2>.

We assume for simplicity that yp = dw.

3
B —
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A heterogeneous perfectly-plastic thin plate

The torus ) := R?/Z? is made up of finitely many phases ); together with their
interfaces I';; = 0); N 0Y;. We will write

F = U Fz]
i#]
We assume that there exists a compact set S C I' with H!(S) = 0 such that
I'\'S isa C?-hypersurface.

=

We assume there exist convex compact sets K; C Mi:v?’ for each phase );.
Finally, we define

K(y) := K; fory € Y.
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Short literature overview

Existence results for perfect plasticity in the quasistatic setting were originally
provided in

[{ P. Suquet (1982)

and subsequently reformulated within the theory of rate-independent processes in
[{ G. Dal Maso, A. DeSimone and M.G. Mora (2006)

[d G.A. Francfort and A. Giacomini (2012)

Evolution of perfectly-plastic models can be obtained as the limit from the
classical elasto-plastic model with hardening, if the hardening approaches zero:

[d S. Bartels, A. Mielke, T. Roubitek (2012)
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Short literature overview

Dimension reduction in plasticity:
[@ E. Davoli and M.G. Mora (2013, 2015)
[§ M. Liero and A. Mielke (2011), M. Liero and T. Roche (2012)
Homogenization in plasticity:
[§ G.A. Francfort and A. Giacomini (2014)
[@ A. Mielke and A.M. Timofte (2007)
[@ B. Schweizer and M. Veneroni (2015),
M. Heida and B. Schweizer (2016, 2018)

Simultaneous homogenization and dimension reduction in plasticity:

[§ M.B., E. Davoli and I. Vel&i¢ (2024)
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Pointwise definition of the dissipation potential

Pointwise R : Y x M3*3 — [0, +-00] can be defined as follows:

dev

(a) For every y € V;, we take

R(y,M):=R;(M) = sups: M.
K;

(b) If y € T \ S, then: °

(i) For v € (0,+00),

Rij(a,v(y)) i M =a0wv(y),
400 otherwise,

R(y, M) 1={

where
Rij(a,v) := inf {Ri(ai Ov)+Rj(—a; OV):
a=a; —aj,a; Luv, ajJ_l/}.
(i) For y =0 or v = 400,
R(y, M) = min {Ri(M), R, (M)}.
i,

only if ordering between the phases is assumed on the interface:

at points where exactly two phases ); and J; meet we have that either

KiCK]' orKjCKi
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Outline

© Dimension reduction of heterogeneous elasto-plastic plate model with hardening
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Rescaled problem

Let [ = (f%, %) and set
Q::wa, FDIZ’)/DXI.
We consider the change of variables v, : Q — Q" defined as
(2, x3) == (2, has)

and the linear operator Aj, : M2%3 — M3%3 given by

sym Sym

Ma,B lZ\4U¢3
AhM = l I ‘ }1L .

LMsp | 7 Mss
For (v,n, 7, 3) kinematically admissible in Q" we set

u = (v, v, hug) oy,

"= Aoy, phi=Aptmouy,
a = Boyy.
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Admissible configurations and energies (h > 0)

The class Aﬁafd(w) of h-admissible displacements and strains is given by all tuples
(u", e p" o) € HY (5 R?) x L2(Q;M23) x L*(Q; M2)3) x L*(9)
satisfying:
Eul = e +p in Q,
u =w H*ae onTp,

R(z', App"(z)) < ol'(z) ae. inQ,
Py +phy + %pgzz =0 inQ
For (uh,eh, ph, ah) € Ahard(w) we define the associated energy functionals as
Qsl(eh) = 1/ C(z")Ape™ : Ape da,

Qhard(p a /Hkm )Ahp Ahp dx+2‘/QHiso($l)Oéh'ahd.’L',

R (p", o) /R:EAhpa)d
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['-convergence result 1: compactness result

Proposition

Let {u}n>0 C H*(Q;R?) and let there exists a constant C' > 0 for which

™ || L2 ey + ||AhEuh||L2(Q;M3yX§) < C, forevery h > 0.

Then there exist @ = (@1, u2) € H'(w;R?) and uz € H?(w) which satisfy

ul — Gy — 230, u3  strongly in L*(Q), a € {1,2},

ul' — uz  strongly in L3(Q),

= _ 2
Eu' — (Egﬂ’“ g3vw’“3 8) weakly in L2(Q; M3%3).

Sym
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The reduced elasticity tensor

For a fixed 2’ € w, let Ml,» : M2X2 — M3X3 be the operator given by

Sym Sym
¢ A (€)
M, € == A2 (&) for every € € ngxnf,

X(€) M€ M)

where for every ¢ € M2X2 the tuple (AY' (), A3 (€), A3 (€)) is the unique solution
to the minimum problem

Az pYe
min C(z') ¢ 2z ¢ A
AR NN W N N

We then define the reduced elasticity tensor C™ : w x M2X2 — M3X3 given by

Sym Sym

Cd(2)¢ == C(2) M€ for every £ € M2X2

sym*
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Admissible configurations and energies (h = 0)

Let w € HY(Q;R?) N KL(S). We take the limiting class AL (w) of all tuples
(u,e,p, @) € (H(;RY) N KL(Q)) x L*(Q; M%) x L2 M357) x L*(Q)

satisfying:

E,u— £L‘3Vi/’U/3 =e +p1’2 in

)

u=w H>*ae onTp,
R(2',p(z)) <a(zr) ae inQ

For (u,e,p,a) € AL*4(w) we now define

1
= 7/ cd(z)e : edz,

Qhard b, «x /Hkln p pdm—i_ /Hlso 'Oéd.’lf,

Ro(p, ) == QR( ,py ) dx.
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['-convergence result 2: liminf inequality

Proposition
Let (u”, e, p", al) € Ahard(w) be such that
u" — u  weakly in H'(Q;R?),
Ape — Me  weakly in L2(Q;M3%3),

sym

App" — p weakly in L2(Q; M3X3),

dev

o = a weakly in L%(Q),
with (u,e,p,a) € AB*d(w). Then we get
Q5 (e) + QB (p, @) — (£(¢), u) < limin (Q5H(e") + QP (p", ") — (£(t), u"))

and

Ro(p,a) < limhinf R (p", o).
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['-convergence result 3: recovery sequence

Proposition

Let (u,e,p,a) € AB*d(w). There exists a sequence (u”, e’ p", o) € Ahard (w)

such that

uh — u  weakly in H*(Q;R?),

Ape® = Mye strongly in LQ(QQMS;H?
App" — p strongly in L*(Q; M3X?),

o — a  strongly in L*(9),
Rh(ph7 ah) — RO(p7 CY).

)
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The elasto-plastic plate model of heterogeneous thin plate

We can then justify the limit quasistatic evolution via evolutionary I'-convergence.

If we use the following notation for zero-th and first order moments:
P(z') = /@(x/,%)d?ﬂ& P(a') := 12/$3 o(a', x3) dus,
I I

then it can bee easily seen that the model implies the following system of

equations in terms of the in-plane and out-of-plane displacements and plastic
strains:

—div, ((Cmd(a:’) (Exa —]31’2)) = fmemb(¢ 2')  on w,

1
Edivm/divx/ ((Cred(m') (V2uz +p"?) ) = fPrd(t ) onw,

[Ced (2" ) (Epu — 23V2,u3 — pt?)]
—Hiso (2 )

p— . / A~
dev ~ Hian( )p> € OR(2',p,&t) on Q

22/33



Outline

© Simultaneous homogenization and vanishing of hardening
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Admissible configurations and energies (¢ > 0)

Introducing periodic microstructure for the limiting quasistatic evolution, we
consider the class Ap*<(w) of all tuples

(uf, e, p%,0f) € (HY(Q;R3) N KL(Q)) x L M2X2) x L2(Q; M3X3) x L*(Q)

sym dev

satisfying:

E, a0 —23V2u§ =e + (p9)'?  inQ

)

u =w H-ae onTp,

R(Z,p (1)) < o ()
For (uf,e®,p®,a®) € Ahard’e(w) we now define
ele e /Cred e dx

Q4 (p7 %) = 5 [ Hian (% ) o dat 5 [ Ho(2) oot d.
Q
RiF a)i= [ R(%.0,0°) do
Q
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Vanishing hardening

Let

0(e) -0 as € = 0.
A e-limiting quasistatic evolution is a function

£ (u (1), € (1), p° (), 0" (1)) € Ag™ ™ (w(?))
which satisfies the following conditions for every ¢ € [0, T:
(1) Global stability:
Q5" (e*(1)) + 6(2) Qo™ (p° (1), @ (#))
< Q5 (1) +6(e) Q™ (m, B) + Ri(m — p (1), B — (1),
for every (v, 7,7, 8) € A (w(t)).
(2) Energy balance:
Q5" (¢°()) + 8(2) Qo™ (p° (1), a° (1)) + Vs (p, 3 0,1)
= Q" (e°(0)) + () Q5™ (p°(0), a%(0))

+ /Ot /Q (Cred<%/> e®(s) : Ew(s) dzds
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Two-scale convergence of measures

Definition
Let {u"}n>0 be a family in My (w) and consider u € My(w x V). We say that
{u"} two-scale weakly* converges to y if

[ 5) are) = [ e maun),

e—0

for every x € Co(w x V). We write
ph(a)) 5 u(@y) in My(w x ).
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Two-scale limits for symmetrized gradients and Hessians
Proposition
Let {v°}c>0 be a bounded family in BD(w) such that v = v weakly* in BD(w). Then

Ev' 25 E v ® £§ +Ey i two-scale weakly* in M (w x V; M2%Y)

sym

with

sym /)

€ My(w x V;R?) : By € Myp(w x Y; M2%2)
uw(F xY) =0 for every Borel set F C w.

Proposition
Let {v°}.>0 be a bounded family in BH (w) such that v° = v weakly* in BH(w). Then

vyt 25 Vi ® Li —+ Vin two-scale weakly* in My (w x V; M2<2)

sym

with

sym

K€ My(w x V) : Vok € Mp(w x Y; M2%2),
K(F x Y) =0 for every Borel set F' C w,
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Admissible configurations and energies (¢ = 0)

The admissible two-scale configurations AL°™ (w) are the class of all triples

(u, E,P) € (BD(Q) N KL(Q)) x L*(Q x Y; M2X2) x My(Q x Y; M2x2)

Sym Sym

such that
wu=w, E=FEw, P=0  on(Q\Q)x),
satisfying:
Eu® L2+ EByu—13Vik=ELi@L2+P inQxY
For (u, E, P) € AB°™(w) we now define

1
QR (E) =5 i yCred(y)E(ﬂc,y):E(ﬂc,y) dzdy.
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The reduced dissipation potential

The set Kred(y) C Mfyxnf represents the set of admissible stresses in the reduced problem
and can be characterised as follows:

My M2 O 1
M e Kred(y) — Mis Mo 0] — g(tr M)I3><3 S K(y)
0 0 0

The reduced perfectly-plastic dissipation potential R™? : U;); x ngxrf — [0, +00) is
given by the support function of K™4(y), i.e.

Rred(y, M) = sup o: M for everyM (S MS;H?
ceKred(y)

For i # j, v € S*, € € R?, ¢ € R define

Ri;d(u, c,6) = Ci(r}fﬂ) {/ (RﬁCd(Ei Ov+a3dr® v) + R;Cd(éj Ov+zsd v ® 1/)) d.’L‘g} ,
c,C T

where the infimum is taken over the set

C(e,8) = {(ai,aj,éi,aﬁ)eRQ XREXRXR:G +& =¢ & +& :é}.
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Non-local definition of dissipation energy

For any measure P € Mb(ﬁ X ));ngxrf,) which has the form on the interface
P2 x (I'i; \ 8) = [e(a’,y) © v(y) + zséla’,y) v(y) @ v(y)] ¢ ® Lay,
we define R4 (P) € M (2 xY) b
R Z RI*(P) + Z R (P
i<j

where

dP
d|P|

Ri54(P) = Ri! (1,6,6) C® Ly, € M (2 x (T \ 9)).

RE(P) = RE™ (10 ) 1P € A5 @ x ),

Finally, we define the non-local definition of dissipation energy

om . re: dP re — / ~ /
Ry =30 [ we (R AP [ R ). ) el ) i

i<j @x(Tiz\S)
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The principle of maximum plastic work

Proposition
For every ¥ € Ko™ and (u, E, P) € Ak°™(w) we have

REo™(P) z—/ E:dedy+/

1
6:Ewdx’——/&:V2w3dx’.
QxYy w 12 w
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A notion of two-scale quasistatic elasto-plastic evolution

The two-scale quasistatic evolution is a function

t = (u(t), E(t), P(t)) € A5°™ (w(t))

which satisfies the following conditions for every ¢t € [0, T:

(1) Global stability:
Q"™ (B(t)) < Q"™ (H) + Rg*™(IL - P(1)),

for every (v, H,II) € A" (w(t)).
(2) Energy balance:

Q"™ (E(t)) + Vignom (P;0,1)

= QMM (E / C(y)E(s) : Ew(s) dxdyds.
QxYy

32/33



Main result

Theorem

Let t — w(t) be an absolutely continuous boundary datum of Kirchhoff-Love type

and consider a compact sequence of initial data (ug, €5, p§, ) € AG™ S (w(0)).

Let t — (us(t), = (), p*(t), a5 (t)) be a e-quasistatic evolution on £ with
boundary datum w(t) and the initial datum (u§, €§, p§, af).

Then, there exists a two-scale quasistatic evolution ¢ — (u(t), E(t), P(t)) for the
boundary datum w(t) such that (up to subsequences)

* ~

u®(t) — u(t) weakly* in BD(Q),
e“(t) 2 E(t) two-scale weakly in L2(Q x Y; M2X2),

Sym

(p°)2(t) 2= P(t)  two-scale weakly* in M, (€ x V3 M2X2),

sym

for every t € [0,T].
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