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Spectrum of the limit (homogenised) operator

Differential operators with periodic coefficients

—V-a(z/e) Vue(z) = f(x)
a(y) is periodic, & <<1

Homogenised problem:

Ahom“(m) =-V. ahomvu(x) = f(%)

Spectrum of the limit operator Sp(Apom) = RT.
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High-contrast periodic homogenisation, Zhikov (2000, 2004)

Operators with high-contrast coefficients
Ac:=—V-a(z,e)V

2 €
a(z,e) = e, T €SS g
b N €
a1, =€ S&g

Acte + Aue = fe
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High-contrast periodic homogenisation, Zhikov (2000, 2004)

Operators with high-contrast coefficients
Ac:=—V-a(z,e)V

2 €
a(z,e) = e, T €SS g
b N €
a1, =€ S&g

Acte + Aue = fe

Homogenised operator is two-scale

Anomtu +Au=f, A>0
u(z,y) = uo(z) +v(z,y)

—V @i Vug + A(uo + (v) = (f), z e R,
—Ayv+ Auo +v) =7, y € Yp, for fixed z € R".
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High-contrast periodic homogenisation, Zhikov (2000, 2004)

Operators with high-contrast coefficients
Ac:=—V-a(z,e)V

2 €
a(z,e) = e, T €SS g
b N €
a1, =€ S&g

Acte + Aue = fe

Homogenised operator is two-scale

Anomtu +Au=f, A>0
u(z,y) = uo(z) +v(z,y)

—V - al®™Vug + Auo + (v)) = (f), e R,
—Ayv+ Auo +v) =7, y € Yp, for fixed z € R".

Main order approximation to the solution of the original problem:

u(z,z/e) = uo(x) + v(z,z/e)
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Band-gap spectrum in the high-contrast setting

Spectral problem for the homogenised operator

—V - a"Vug(z) = A (uo(x) + (v(z,-))) in R,

Ahom (w v) = AMu v
hom(v0 +v) = A(uo +v) & —Ayv(@,y) = A(uo(@) + v(z,y)) in Yo.
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Band-gap spectrum in the high-contrast setting

Spectral problem for the homogenised operator

—V - a"Vug(z) = A (uo(x) + (v(z,-))) in R,

Ahom (w v) = AMu v
hom(v0 +v) = A(uo +v) & —Ayv(@,y) = A(uo(@) + v(z,y)) in Yo.

v(z,y) = Auo(2)ba(y)

—Ayb)\—)\b)\ZI in Yo, b=0on BYO.

bx = (—Ay, = N) 'y,
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Band-gap spectrum in the high-contrast setting

Spectral problem for the homogenised operator

-V a]fomVuo(J:) = A (uo(z) + (v(z,-))) in R",

Ahom (w v) = AMu v
hom(v0 +v) = A(uo +v) & —Ayv(@,y) = A(uo(@) + v(z,y)) in Yo.

v(a,y) = X ()b (v)
—Ayb)\—)\b)\ZI in Yo, b=0on 3Y0.
by = (-Ay, =N 'y,

-V a}fomVuo = ﬁ(}\)uo

B(N) '*/\+)\2<b _ 2 o <99.7'>2
B = N=AF A 5
l/j*

j=1

vj,@; - eigenvalues and eigenfunctions of — Ay, .

Sp(Ahom) = {)‘ : B(A) Z 0} U Sp(fAYO)‘

™ = = =
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Zhikov’s S-function
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Figure: Spectrum of Ay, is in red

Convergence of the spectra:

Sp(As) — Sp(Apom) in the sense of Hausdorff.
(only when the soft inclusions are disconnected!)
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Convolution type integral operators calculus / toolbox

For a symmetric kernel K (z,vy) define operator A : L2(R?) — L2(R%):

Au(z) := 2/er K(z,y)(u(z) —u(y)dy = f(), ueL*RY).

Au(z) = m(z)u(z) — Q/Rd K(z,y)u(y)dy, where m(z) := Q/Rd K(z,y)dy.
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Convolution type integral operators calculus / toolbox

For a symmetric kernel K (z,vy) define operator A : L2(R?) — L2(R%):
Au(z) = 2/Rd K(z,y)(u(z) —u(y))dy = f(z), ue L*RY).

Au(z) = m(z)u(z) — Q/Rd K(z,y)u(y)dy, where m(z) := Q/Rd K(z,y)dy.

Weak formulation and bilinear form:

awo)= [ [ K@@ -u@)em)-o@)dyde = [ fep@ds, e 2@,
R4 JRA Rd
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Convolution type integral operators calculus / toolbox

For a symmetric kernel K (z,vy) define operator A : L2(R?) — L2(R%):
Au(z) = 2/Rd K(z,y)(u(z) —u(y))dy = f(z), ue L*RY).

Au(z) = m(z)u(z) — Q/Rd K(z,y)u(y)dy, where m(z) := Q/Rd K(z,y)dy.

Weak formulation and bilinear form:

awo)= [ [ K@@ -u@)em)-o@)dyde = [ fep@ds, e 2@,
R4 JRA Rd

In bounded domain S C R? with Dirichlet b.c.’s
Bilinear form is defined on u,v € L%(S) (meaning u,v = 0 outside S)

Au(e) = 15@)2 | K(o.)(u@) - )y, e I(S)
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Convolution type integral operators calculus / toolbox

Diffusive scaling for convolution kernel.
Let K(z,y) = a(y — x) for some symmetric a(§), £ = y — z, such that

a >0, a(£)200>0,f0r\£|<r,r>0
a(€)(L + [€]%) € L' (RY),

Define 1
Acula) = g [ al€/o)ule+€) ~ ulw)de

What happens when ¢ — 07
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Convolution type integral operators calculus / toolbox

Diffusive scaling for convolution kernel.
Let K(z,y) = a(y — x) for some symmetric a(£), £ =y — z, such that

a>0, a(§) >co>0, for|¢|<r,r>0
a(§)(1 +[¢%) € L' (RY),

Define 1
Acu(a) = 5 [ ale/e)(ute +€) —u(a)ds

What happens when ¢ — 07
U(ﬂf + 66 —u(z)) (v(=z +ef) — v(z))
ae(u,v) 7/]Rd /Rd ~ dédz

Assume that u, v are smooth: u(z + ef) — u(z) = & - Vu(z).

[ a©@Tu@nevowndsas = [ [ [a© &g, de)owutpas = [ 47u(@) vo
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Convolution type integral operators calculus / toolbox

Diffusive scaling for convolution kernel.

et ) —u@) (e e —v(@)
ac (1, v) = /Rd /Rd ©) > ded

£

Assume that u, v are smooth: u(z + €f) — u(z) = €& - Vu(z).

[ at@evanevetnaz = [ [ [ a@ &g de|ou@osoeis = [ 4vu@)vota)

Mollification technique.

Let {u:} be bounded in L?(Q) sequence, and

Crac(u,u) / /
R4 .

Then 3 smooth, bounded in H'(R%) family {w.} such that

e “55 ue@+e8) —ue@ |® ety < Chaeu,u) < M

llue *ws||L2(Rd) < CvMe, st”Hl(Rd) SC(VM+ H“s||L2(Rd))~
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High-contrast periodic convolution type integral operators

Previous works in homogenisation of convolution type integral operators are by
Braides, Chiado Piat, D'Elia, Piatnitski, Sloushch, Suslina, Zhizhina,...

A= iz [ o) [ (22) + 200 (£.2) Juty) = u(w)y

A1(z,y) = wo(z,y) 1y, (x) 1y, (),
Ao(x, y) = wl(xvy)(l - 1Y1 (I)]-Yl (y))7

0 < a1 <wi(z,y) < az < co are symmetric

Y = Yo U Y] is the periodicity cell
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High-contrast periodic convolution type integral operators

Previous works in homogenisation of convolution type integral operators are by
Braides, Chiado Piat, D'Elia, Piatnitski, Sloushch, Suslina, Zhizhina,...

A= iz [ o) [ (22) + 200 (£.2) Juty) = u(w)y

A1(z,y) = wo(z,y) 1y, (x) 1y, (),
Ao(x, y) = wl(xvy)(l - 1Y1 (I)]-Yl (y))7

0 < a1 <wi(z,y) < az < co are symmetric

Y = Yo U Y] is the periodicity cell

Theorem (Extension Result)

For any u € L2(EY1#), there exists an extension e € L?(R?)
(i.e. Ue =u on z—:Yl#) such that

&

~ N~ 2 _ 2

(ua(y) ua(éﬂ)) dydz < C / <u(y) u($)> dydz,
g

{lz—y|<er’} Yl#xYl#ﬁﬂzfy\Ssr}

el p2may < Cllull 2 4%
(R%) L2(Yy7)
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Two-scale convergence (Nguetseng, Allaire)

Definition

We say that a bounded in L?(S) sequence ue converges weakly two-scale to
ue L2(S X Y), ue(z) 2> u(z,y), if for all p € C°(S), b € CZ,(Y)

lim [ ue(z)ep (a:)b dzf// u(z, y)p(z)b(y) dydz.

e—0
S

ue converges strongly two-scale to u € L2(S x Y), ue(z) 2 u(z,y), if

ue () 2 u(z,y) and

El% lluell2¢sy = lullL2(sxv)
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Two-scale resolvent convergence to the homogenised problem

The corrector problem:

[ a0y +0) (6 + 60+ 0 - e'w) de=0

Correctors ¢; € L2(Y1#), i =1,...,d are unique up to an additive constant.

The homogenised matrix of the stiff component:

Abom — // Wy +6) (€ + ' (y+ &) — o' () & de dy,

Let fo 2 (3)f(x,y). Then

ue 2 (B)uo +v(z,y), uo € HE(S), ve L2RExY), v =0 on Yi.
where (uo,v) is the solution to the homogenised problem
V- APmGu () + A (uo(a) + (v, 1)) = (F(@, )
Lyo(0) [ a(©)8o(u:y+ (vl +€) = o(e,1))dé + Auo @) + (@) = F(.f
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Spectrum of the homogenised problem

The homogenised operator

Ahom _ (Astift, Aift)

Agiguo = —V- Ahomvuo
Aoy = 1y /}Rd a(€)Ao(y,y + &) (v(z,y + &) — v(z,y))dE
v(z,:) € Li(YO) (i.e. v=10o0n Y7 and is periodic in y)

Assiee o + A(uo + (v)) = (f)

hom by — {
A (w0, v) + Auo,v) = f & AL v+ Auo +v) = f
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Spectrum of the homogenised problem

Spectrum of the homogenised operator

Astif uo = Aug + (v)) (1)
A% v = Muo +v) (2)

Sp(AZ ) C Sp(A™™)
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Spectrum of the homogenised problem

Spectrum of the homogenised operator

Astif uo = Aug + (v)) (1)
A% v = Muo +v) (2)

Sp(AZ ) C Sp(A™™)

B-function
Let Aiﬂ by — Aby = 1y, i.e. by = ('Aift — )"y,
then v = Augby solves (2). Substituting this into (1) we have

Astiee uo = (A 4 A (bx))uo =: B(N)uo

Sp(APom) = Sp(A% YU {A: B(N) € Sp(Asuir)}
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Spectral convergence

hom :
Sp(A™°™) C Eh_% Sp(Ae)
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Spectral convergence

hom :
Sp(A™°™) C Eh_% Sp(Ae)

Do we have Sp(Ahem) 5 lirrb Sp(Ae) though?
e—
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Spectral convergence

hom :
Sp(A™°™) C Eh_% Sp(Ae)

Do we have Sp(Ahem) 5 lirrb Sp(Ae) though?
e—

In general not!
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Spectral convergence

hom :
Sp(A™°™) C Eh_% Sp(Ae)

Do we have Sp(Ahem) 5 lirrb Sp(Ae) though?
e—

In general not!

Define

Ao v = / Moy, + O,y +€) — v(w,y)de v e LAYH)

Sp(Asoft) C Sp(-Asoft)
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Spectral convergence

hom :
Sp(A™°™) C Eh_% Sp(Ae)

Do we have Sp(Ahem) 5 lirrb Sp(Ae) though?
e—

In general not!

Define

Ao v = / Moy, + O,y +€) — v(w,y)de v e LAYH)

Sp(Asoft) C Sp(-Asoft)

lim Sp(Az) = Sp(Asort) U {2 : B(A) € Sp(Asuirr)}
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Spectral convergence when S # R?

Sp('Asoft,]Rd) c glg% Sp(Asoft,E_ls)

SP(Asofs,e—15) \ SP(Agope ga) = "boundary layer spectrum”

lime 0 Sp(A:) = lime—0 Sp(Agog . —15) U {A : B(A) € Sp(Astirr) }

(Limits are in the sense of the set of all accumulation points, not in the sense of
Hausdorff!)
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Spectral convergence when S # R?

Sp('Asoft,]Rd) c glg% Sp(Asoft,E_ls)

SP(Asofs,e—15) \ SP(Agope ga) = "boundary layer spectrum”

lime 0 Sp(A:) = lime—0 Sp(Agog . —15) U {A : B(A) € Sp(Astirr) }

(Limits are in the sense of the set of all accumulation points, not in the sense of
Hausdorff!)

Particular case: if S = (0,11) X --- x (0,14), l; € N, is a rectangular box and

e = %, N € N, then the limit spectrum lim._s¢ Sp(Asomg_lS) is a union of the
spectra of ‘Asoft,]Ri’j’ where R‘i’j are all d-dimensional hyper-octants of space.
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Norm resolvent convergence for the whole space case via

Cooper-Kamotski-Smyshlyaev approach

i [ o (F20) [0 (B D)0 (2.2) ] we e ) (o) 0t

Rd Rd
+/u§:/f§
R4 R4
Apply scaled Gelfand transform G. : L2(R%) — L?(0* x O),0* := [—m7, 71]%,
22 d/2 0

nezd
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Norm resolvent convergence for the whole space case via

Cooper-Kamotski-Smyshlyaev approach

i [ o (F20) [0 (B D)0 (2.2) ] we e ) (o) 0t

R4 R4
Jr/uﬂ:/fﬂ
Rd R4

Apply scaled Gelfand transform G. : L?(R%) — L2(O0* x O),0* := [, n1]¢,

22 d/2 )
(Gef)i,9) = (7) Z fle(y + n))e‘“"(y—o—n)

2
nezd

we obtain an equivalent family of problems for ug(-) := (G<eu®)(6,) for § € O*

= /D /Rd a(@ — y) A (y, @) (€ Vg (@) — uf (1) (¢ FVv(@) — v(y))dedy

+ /D /Rd a(z —y)Ao(y, m)(€i9<"£*y)ug(m) — uz(y))(eiﬁ»(wfy)v(x) —o(y))dzdy

+ /D u (y) o) dy = /D S5y, Yo € L2(0),
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Norm-resolvent bounds and approximation of spectra for bivariate

problem
We rewrite this expression in the form
E_QQQ(UZ)U)"'bG(uzﬂJ):(fvv)v V’UELZ(D)’

In the operator form we have (A2 + 1)u$ = f
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Norm-resolvent bounds and approximation of spectra for bivariate

problem

We rewrite this expression in the form

6_2(19(1[3,'0)-'1-179(1/,5,1)):(f,U), V’UELZ(D)’
In the operator form we have (A2 + 1)u$ = f

Consider the problems
e 2ag(ug, D) + bo(uj,v) = (f,7), Vo e L*(D),
e72ARMY 9T L by(2 +v,24+0) = (f,+7), VZ+0 € C+L%(Y)
Then

lug — (v + )2y < hEfllL2@)
In the operator form we have

(A +1)71 = (A2°™° +1) 7 < h(e)

di, 0,11 ((SP(AD), Sp(AL™9)) < C(M)A(e)

\,
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Norm-resolvent bounds and approximation of spectra for bivariate

problem

Consider the problems

e 2ag(u§, ) + bg(u§,?) = (£,9), Vo€ L(0),

e72APMY . 925 4 by(z+v,24+0) = (f,2+7), VZ+70 e C+ L3(Yp)

Then
lug — (v + 2)llL2@) < hEfll2(@m)

In the operator form we have

(A2 +1)7F = (A2°™° + 1)~ < h(e)

i 0,011 ( SP(AL), Sp(AL™9)) < C(M)h(e)

Here h(e) = o(£2) is related to the rate of decay of the second moment of the
convolution kernel

— a(&)l¢?
o(r) = /‘w ©)l¢[2de
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Define
Ao = 1y [ a©Nomy+ O Eoly+€) —v(w)ie
(v is periodic, ew'fv(y + &) is 6-quasiperiodic)
e %af(2,2) = APOME - €27 = ALO™ 22, where & = g
Then

dir,o,001 (SP(AL™?), Sp(Alyg,)) < C(M)e?/3, 0] > /3.

0

i jo,aa) ( SP(AZ™), Sp(AR™™ + A% ) < C(M)EP, (0] <2/, €= =
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Define
Ao = 1y [ a©Nomy+ O Eoly+€) —v(w)ie
(v is periodic, ew'fv(y + &) is 6-quasiperiodic)
e %af(2,2) = APOME - €27 = ALO™ 22, where & = g
Then

dir,o,001 (SP(AL™?), Sp(Alyg,)) < C(M)e?/3, 0] > /3.

0

i jo,aa) ( SP(AZ™), Sp(AR™™ + A% ) < C(M)EP, (0] <2/, €= =

Observe that A = [i° A2 . and Sp(Asors) = Ug Sp(AZ ;)
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Define
Ao = 1y [ a©Nomy+ O Eoly+€) —v(w)ie
(v is periodic, ew'gv(y + &) is 6-quasiperiodic)
e %af(2,2) = APOME - €27 = ALO™ 22, where & = g
Then

dir,o,001 (SP(AL™?), Sp(Alyg,)) < C(M)e?/3, 0] > /3.

6
d 0,0 Sp(Abom9), SP(Agom + Aﬁ)ft) <C(M)EY?, 10 <3 ¢ = -
e

Observe that A = [i° A2 . and Sp(Asors) = Ug Sp(AZ ;)

o, 2] ( Sp(Ae), {1 : B(N) € Sp(Asigr)} U Sp(Asoft)) < O(M) max{h(e),e/3}

Recall that

SP(A"™) = {X: B(N) € Sp(Astinr) JUSP(AZ ) € {A: B(N) € Sp(Assir) USP(Asofr)
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THANK YOU!
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