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Spectrum of the limit (homogenised) operator

Di�erential operators with periodic coe�cients

−∇ · a (x/ε)∇uε(x) = f(x)

a(y) is periodic, ε << 1

Homogenised problem:

Ahomu(x) = −∇ · ahom∇u(x) = f(x)

Spectrum of the limit operator Sp(Ahom) = R+.
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High-contrast periodic homogenisation, Zhikov (2000, 2004)

Operators with high-contrast coe�cients

Aε :=−∇ · a (x, ε)∇

a(x, ε) :=

{
ε2, x ∈ Sε

soft
a1, x ∈ Sε

stiff

Aεuε + λuε = fε

Homogenised operator is two-scale

Ahomu+ λu = f, λ > 0

u(x, y) = u0(x) + v(x, y)

{
−∇ · ahom1 ∇u0 + λ(u0 + ⟨v⟩) = ⟨f⟩, x ∈ Rn,

−∆yv + λ(u0 + v) = f, y ∈ Y0, for �xed x ∈ Rn.

Main order approximation to the solution of the original problem:

u(x, x/ε) = u0(x) + v(x, x/ε)
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Band-gap spectrum in the high-contrast setting
Spectral problem for the homogenised operator

Ahom(u0 + v) = λ(u0 + v) ⇔
−∇ · ahom1 ∇u0(x) = λ (u0(x) + ⟨v(x, ·)⟩) in Rn,

−∆yv(x, y) = λ (u0(x) + v(x, y)) in Y0.

v(x, y) = λu0(x)bλ(y)

−∆ybλ − λbλ = 1 in Y0, b = 0 on ∂Y0.

bλ = (−∆Y0 − λ)−11Y0

−∇ · ahom1 ∇u0 = β(λ)u0

β(λ) := λ+ λ2⟨bλ⟩ = λ + λ2
∞∑
j=1

⟨φj⟩2

νj − λ

νj , φj - eigenvalues and eigenfunctions of−∆Y0
.

Theorem

Sp(Ahom) = {λ : β(λ) ≥ 0} ∪ Sp(−∆Y0
).
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Zhikov's β-function

Figure: Spectrum of Ahom is in red

Convergence of the spectra:

Sp(Aε) → Sp(Ahom) in the sense of Hausdor�.
(only when the soft inclusions are disconnected!)
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Convolution type integral operators calculus / toolbox

For a symmetric kernel K(x, y) de�ne operator A : L2(Rd) → L2(Rd):

Au(x) := 2

∫
Rd

K(x, y)(u(x)− u(y))dy = f(x), u ∈ L2(Rd).

Au(x) = m(x)u(x)− 2

∫
Rd

K(x, y)u(y)dy, where m(x) := 2

∫
Rd

K(x, y)dy.

Weak formulation and bilinear form:

a(u, v) :=

∫
Rd

∫
Rd

K(x, y)(u(y)−u(x))(v(y)−v(x))dydx =

∫
Rd

f(x)v(x)dx, ∀v ∈ L2(Rd).

In bounded domain S ⊂ Rd with Dirichlet b.c.'s
Bilinear form is de�ned on u, v ∈ L2(S) (meaning u, v = 0 outside S)

Au(x) = 1S(x) 2

∫
Rd

K(x, y)(u(x)− u(y))dy, u ∈ L2(S).
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Convolution type integral operators calculus / toolbox

Di�usive scaling for convolution kernel.
Let K(x, y) = a(y − x) for some symmetric a(ξ), ξ = y − x, such that

a ≥ 0, a(ξ) ≥ c0 > 0, for |ξ| < r, r > 0

a(ξ)(1 + |ξ|2) ∈ L1(Rd),

De�ne

Aεu(x) :=
1

εd+2

∫
Rd

a(ξ/ε)(u(x+ ξ)− u(x))dξ

What happens when ε → 0?
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ε
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Convolution type integral operators calculus / toolbox

Di�usive scaling for convolution kernel.
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Theorem

Let {uε} be bounded in L2(Ω) sequence, and

C1aε(u, u) ≤
∫
Rd

∫
Br

∣∣∣∣uε(x+ εξ)− uε(x)

ε

∣∣∣∣2 dξdx ≤ C2aε(u, u) ≤ M

Then ∃ smooth, bounded in H1(Rd) family {wε} such that

∥uε − wε∥L2(Rd) ≤ C
√
Mε, ∥wε∥H1(Rd) ≤ C(

√
M + ∥uε∥L2(Rd)).
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High-contrast periodic convolution type integral operators

Previous works in homogenisation of convolution type integral operators are by
Braides, Chiado Piat, D'Elia, Piatnitski, Sloushch, Suslina, Zhizhina,...

Aεu :=
1

εd+2

∫
Rd

a
(x− y

ε

)[
Λ1

(x

ε
,
y

ε

)
+ ε2Λ0

(x

ε
,
y

ε

) ]
(u(y)− u(x))dy

Λ1(x, y) = w0(x, y)1Y1 (x)1Y1 (y),

Λ0(x, y) = w1(x, y)(1− 1Y1
(x)1Y1

(y)),

0 < α1 < wi(x, y) < α2 < ∞ are symmetric

Y = Y0 ∪ Y1 is the periodicity cell

Theorem (Extension Result)

For any u ∈ L2(εY #
1 ), there exists an extension ũε ∈ L2(Rd)

(i.e. ũε = u on εY #
1 ) such that∫

{|x−y|≤εr′}

(
ũε(y)− ũε(x)

ε

)2

dydx ≤ C

∫
Y

#
1 ×Y

#
1 ∩{|x−y|≤εr}

(
u(y)− u(x)

ε

)2

dydx,

∥ũε∥L2(Rd) ≤ C∥u∥
L2(Y

#
1 )
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Two-scale convergence (Nguetseng, Allaire)

De�nition

We say that a bounded in L2(S) sequence uε converges weakly two-scale to

u ∈ L2(S × Y ), uε(x)
2
⇀ u(x, y), if for all φ ∈ C∞

0 (S), b ∈ C∞
per(Y )

lim
ε→0

∫
S

uε(x)φ(x)b
(x

ε

)
dx =

∫
S

∫
Y

u(x, y)φ(x)b(y) dydx.

uε converges strongly two-scale to u ∈ L2(S × Y ), uε(x)
2→ u(x, y), if

uε(x)
2
⇀ u(x, y) and

lim
ε→0

∥uε∥L2(S) = ∥u∥L2(S×Y )
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Two-scale resolvent convergence to the homogenised problem

The corrector problem:∫
Rd

a(ξ)Λ1(y, y + ξ)
(
ξi + φi(y + ξ)− φi(y)

)
dξ = 0

Correctors φi ∈ L2(Y #
1 ), i = 1, . . . , d are unique up to an additive constant.

The homogenised matrix of the sti� component:

Ahom
ij =

∫
Y

∫
Rd

a(ξ)Λ1(y, y + ξ)
(
ξi + φi(y + ξ)− φi(y)

)
ξj dξ dy,

Theorem

Let fε
2
⇀ (

2→)f(x, y). Then

uε
2
⇀ (

2→)u0 + v(x, y), u0 ∈ H1
0 (S), v ∈ L2(Rd × Y ), v = 0 on Y1.

where (u0, v) is the solution to the homogenised problem

−∇ ·Ahom∇u0(x) + λ (u0(x) + ⟨v(x, y)⟩) = ⟨f(x, y)⟩

1Y0
(y)

∫
a(ξ)Λ0(y, y + ξ)(v(x, y + ξ)− v(x, y))dξ + λ(u0(x) + v(x, y)) = f(x, y)
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Spectrum of the homogenised problem

The homogenised operator

Ahom = (Astiff ,A#
soft)

Astiff u0 = −∇ ·Ahom∇u0

A#
soft v(x, y) = 1Y0 (y)

∫
Rd

a(ξ)Λ0(y, y + ξ)(v(x, y + ξ)− v(x, y))dξ

v(x, ·) ∈ L2
#(Y0) (i.e. v = 0 on Y1 and is periodic in y)

Ahom(u0, v) + λ(u0, v) = f ⇔
{

Astiff u0 + λ(u0 + ⟨v⟩) = ⟨f⟩
A#

soft v + λ(u0 + v) = f
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Spectrum of the homogenised problem

Spectrum of the homogenised operator

Astiff u0 = λ(u0 + ⟨v⟩) (1)

A#
soft v = λ(u0 + v) (2)

Sp(A#
soft) ⊂ Sp(Ahom)

β-function

Let A#
soft bλ − λbλ = 1Y0

i.e. bλ = (A#
soft − λ)−11Y0

then v = λu0bλ solves (2). Substituting this into (1) we have

Astiff u0 = (λ+ λ2⟨bλ⟩)u0 =: β(λ)u0

Theorem

Sp(Ahom) = Sp(A#
soft) ∪ {λ : β(λ) ∈ Sp(Astiff)}
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Spectral convergence

Theorem

Sp(Ahom) ⊂ lim
ε→0

Sp(Aε)

Do we have Sp(Ahom) ⊃ lim
ε→0

Sp(Aε) though?

In general not!

De�ne

Asoft v =

∫
Rd

a(ξ)Λ0(y, y + ξ)(v(x, y + ξ)− v(x, y))dξ v ∈ L2(Y #
0 )

Sp(A#
soft) ⊂ Sp(Asoft)

Theorem

lim
ε→0

Sp(Aε) = Sp(Asoft) ∪ {λ : β(λ) ∈ Sp(Astiff)}
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Spectral convergence when S ̸= Rd

Sp(Asoft,Rd ) ⊂ lim
ε→0

Sp(Asoft,ε−1S)

Sp(Asoft,ε−1S) \ Sp(Asoft,Rd ) = �boundary layer spectrum�

Theorem

limε→0 Sp(Aε) = limε→0 Sp(Asoft,ε−1S) ∪ {λ : β(λ) ∈ Sp(Astiff)}

(Limits are in the sense of the set of all accumulation points, not in the sense of
Hausdor�!)

Particular case: if S = (0, l1)× · · · × (0, ld), li ∈ N, is a rectangular box and
ε = 1

N
, N ∈ N, then the limit spectrum limε→0 Sp(Asoft,ε−1S) is a union of the

spectra of Asoft,Rd
+,j

, where Rd
+,j are all d-dimensional hyper-octants of space.
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Norm resolvent convergence for the whole space case via
Cooper-Kamotski-Smyshlyaev approach

1

εd+2

∫
Rd

∫
Rd

a

(
x− y

ε

)[
Λ1

(x

ε
,
y

ε

)
+ε2Λ0

(x

ε
,
y

ε

) ]
(uε(y)−uε(x))(v(y)−v(x))dydx

+

∫
Rd

uv =

∫
Rd

fv

Apply scaled Gelfand transform Gε : L2(Rd) → L2(□∗ × □),□∗ := [−π, π]d,

(Gεf)(θ, y) :=

(
ε2

2π

)d/2 ∑
n∈Zd

f(ε(y + n))e−iθ·(y+n)

we obtain an equivalent family of problems for uε
θ(·) := (Gεuε)(θ, ·) for θ ∈ □∗

ε−2

∫
□

∫
Rd

a(x− y)Λ1(y, x)(e
iθ·(x−y)uε

θ(x)− uε
θ(y))(e

iθ·(x−y)v(x)− v(y))dxdy

+

∫
□

∫
Rd

a(x− y)Λ0(y, x)(e
iθ(x−y)uε

θ(x)− uε
θ(y))(e

iθ·(x−y)v(x)− v(y))dxdy

+

∫
□
uε
θ(y)v(y)dy =

∫
□
fε
θ (y)v(y)dy, ∀v ∈ L2(□),
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Norm-resolvent bounds and approximation of spectra for bivariate
problem

We rewrite this expression in the form

ε−2aθ(u
ε
θ, v) + bθ(u

ε
θ, v) = (f, v), ∀v ∈ L2(□),

In the operator form we have (Aθ
ε + 1)uε

θ = f

Theorem

Consider the problems

ε−2aθ(u
ε
θ, ṽ) + bθ(u

ε
θ, ṽ) = (f, ṽ), ∀ṽ ∈ L2(□),

ε−2Ahomθ · θ zz̃ + bθ(z + v, z̃ + ṽ) = (f, z̃ + ṽ), ∀z̃ + ṽ ∈ C+ L2(Y0)

Then
∥uε

θ − (v + z)∥L2(□) ≤ h(ε)∥f∥L2(□)

In the operator form we have

∥(Aθ
ε + 1)−1 − (Ahom,θ

ε + 1)−1∥ ≤ h(ε)

Theorem

dH,[0,M ]

(
Sp(Aθ

ε),Sp(Ahom,θ
ε )

)
≤ C(M)h(ε)
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θ, ṽ) + bθ(u

ε
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Norm-resolvent bounds and approximation of spectra for bivariate
problem
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Here h(ε) = o(ε2) is related to the rate of decay of the second moment of the
convolution kernel

g(r) :=

∫
|ξ|>r

a(ξ)|ξ|2dξ
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Back to Rd

De�ne

Aθ
soft v = 1Y0

∫
Rd

a(ξ)Λ0(y, y + ξ)(eiθ·ξv(y + ξ)− v(y))dξ

(v is periodic, eiθ·ξv(y + ξ) is θ-quasiperiodic)

ε−2ahθ (z, z̃) = Ahomξ · ξ zz̃ =: Ahom
ξ zz̃, where ξ :=

θ

ε

Then

dH,[0,M ]

(
Sp(Ahom,θ

ε ),Sp(Aθ
soft)

)
≤ C(M)ε2/3, |θ| ≥ ε2/3.

dH,[0,M ]

(
Sp(Ahom,θ

ε ), Sp(Ahom
ξ +A#

soft)
)
≤ C(M)ε2/3, |θ| ≤ ε2/3, ξ =

θ

ε
.

Observe that Asoft =
∫⊕
θ Aθ

soft and Sp(Asoft) = ∪θ Sp(Aθ
soft)

Theorem

dH,[0,M ]

(
Sp(Aε), {λ : β(λ) ∈ Sp(Astiff)} ∪ Sp(Asoft)

)
≤ C(M)max{h(ε), ε2/3}

Recall that

Sp(Ahom) = {λ : β(λ) ∈ Sp(Astiff)}∪Sp(A#
soft) ⊂ {λ : β(λ) ∈ Sp(Astiff)}∪Sp(Asoft)
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THANK YOU!
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