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A (very) brief history of poroelasticity and motivation

Poroelastic materials
are materials consisting of an elastic skeleton (the solid phase) and the pores
saturated by a viscous fluid (the fluid phase). Some examples include:
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A (very) brief history of poroelasticity and motivation

Maurice Anthony Biot (1941, Foundations of theory of poroelasticity).
Biot, M. A. (1941). "General theory of three dimensional consolidation".
Journal of Applied Physics. 12 (2): 155–164.

Andro Mikelić was a pioneer in a mathematical analysis of poroelastic
media.

(i) Mathematically rigurous derivation of Biot’s systems, quasi-static Biot’s
equations of thin poroelastic plate;

(ii) Derivation of transmission laws at interface.
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Interaction of fluid with a porous elastic structure

Let Y = (0, 1)3 be the unit cell.

Let Ys (the solid part) be a closed subset of Y and Yf = Y \ Ys (the fluid part).

We make the following standard assumptions on Es =
⋃

k∈Z3(k + Yk
s ) and

Ef = R3 \ Es:

(a) Ys is an open connected set of strictly positive measure, with a Lipschitz
boundary;

(b) The interiors of Es and Ef are open sets with Lipschitz boundary and Es is
connected.
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Assume that Ω = (0,L)3 ⊂ R3 is covered with a regular mesh of size ε.

Figure: The fluid and solid phase

The fluid-solid interface is indicated by Γε := ∂Ωε
s ∩ ∂Ωε

f . The domains Ωε
s and

Ωε
f represent, respectively, the solid and fluid parts of a porous medium Ω.
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Interaction of fluid flow with a porous elastic structure
Seminal papers: poroelastic media

The equations that describes this previous cases are given respectively

εmρf
∂2uε

∂t2 − divσf ,ε = ρf F ,

∇ · ∂uε

∂t
= 0,

in Ωε
f × (0,T )

 (Stokes equation)

εmρs
∂2uε

∂t2 − divσs,ε = ρsF inΩε
s × (0,T ), (elasticity equation)

[uε] = 0 on Γε × (0,T ) (displacement continuity at the interface),

σf ,ε = −pεI + 2ηεr e
(
∂uε

∂t

)
(fluid stress),

σs,ε = Ae(uε) (stress in solid),

σs,ε · n = σf ,ε · n on Γε × (0,T ), (continuity of normal stresses)

uε|{t=0} = ∂tuε|{t=0} = 0 on Ω, (initial condition)

{uε,pε} is periodic in (x1, x2)with period L.
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Interaction of fluid with a porous elastic structure
Seminal papers: poroelastic media

[GILBMIK2000] analysis of the above problem with
m = r = 0;

[CLFRGILBMIK2001] analysis of the above problem with

m = 0 and r = 2;

[MIKWHE2012] interface conditions between a poroelastic medium and
an elastic body. Analysis of the above problem for Ω = (0,L)3 ∪ Σ ∪ Ωel ,
where Ωel = (0,L)2 × (−L,0), Σ = (0,L)2 × {0} with

m = 1 and r = 2;

[JAGMIK1996] interaction between porous media and fluid (2d)-
derivation of contact conditions;
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Interaction of fluid with a porous elastic structure
Seminal papers: poroelastic media

[TAB1992] derivation of poroelastc plate model based on physical
assumptions (plane stress, Kirchoff-Love ansatz, transverse fluid velocity
is dominant);
[MACMIK2015] derivation of poroelastic plate model starting from 3d
Biot’s equations for isotropic elastic tensor, using dimension reduction
techniques;

[GURWEB2022] analysis of poroelastic plate equation: existence and
uniqueness of solution;

[DuGunHouLee2002] linear fluid-structure interaction, existence,
uniqueness, weak and strong solution;

[GahJagNeu2022] regime ε ∼ h plate in fluid; the limit model is not of
Biot’s type;
[Gah2024] in the regime ε ∼ h derivation of Biot’s plate equations
(different type of equation than in [MACMIK2015]);
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Biot’s bulk model

Ωh = {(x1, x2, x3) ∈ ω × (−h/2,h/2)}, where the mid-surface ω is a bounded
Lipschitz domain.

σ = 2Ge(u) + (
2νG

1 − 2ν
div u − αp)I in Ωh,

−G △ u − G
1 − 2ν

▽ div u + α▽ p = 0 in Ωh, (div σ = 0),

∂

∂t
(γGp + α div u)− k

η
△p = 0 in Ωh.

G-shear modulus, ν-Poisson ratio, α- effective stress coefficient, γG inverse of
Biot’s modulus, k -permeability, η-viscosity.

the mean velocity of the fluid (velocity oscillates!) is proportional to the
gradient of pressure (in case of absence of volume forces)-Darcy’s law.
the evolution model has memory effects!
the constant k/η is additionally scaled with h2.
σn = P±h, ∂3p = Uh at x3 = ±h/2.
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Biot’s plate model

G∆x̂a+
G(1 + ν)

1 − ν
∇x̂divx̂a+

α(1 − 2ν)
1 − ν

∇x̂N +
2∑

j=1

(P1/2
j + P−1/2

j )ej = 0,

G
6(1 − ν)

∆2
x̂b+ α

1 − 2ν
1 − ν

∆x̂

∫ 1/2

−1/2
x3peff dx3 =

1
2

2∑
i=1

∂

∂xi
(P1/2

i + P−1/2
i ) + P1/2

3 + P−1/2
3 .

b(x1, x2, t) is the effective transverse displacement of the surface (scaled),
a = (a1, a2), aj(x1, x2, t)− x3∂jb , j = 1,2, are the effective in-plane solid
displacements.
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Biot’s plate model

(γG +
α2(1 − 2ν)
2G(1 − ν)

)N =
α(1 − 2ν)

1 − ν
divx̂a,

(γG +
α2(1 − 2ν)
2G(1 − ν)

)
∂

∂t
(
peff + N

)
− k
η

∂2

∂x2
3

(
peff + N

)
= αx3

1 − 2ν
1 − ν

∂

∂t
∆x̂b,

∂3peff = U1 at x3 = ±1
2
.

peff (x1, x2, x3, t) is the effective fluid pressure,

N = −
∫ 1/2

−1/2
peff dx3 is the effective stress resultant due to the variation in

pore pressure across the plate thickness.
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Goal

Our goal is to justify limit model under simultaneous homogenization and
dimension reduction (also the evolution). This enables us to

understand the limit Darcy’s law (which is not seen in continuum model);
derive the contact of poroelastic and (poro)elastic plate and their relation
to the microscopic model;
understand the boundary conditions at the upper and lower boundary
and their relation to the microscopic model.

In addition
we will perform the computations for general elasticity tensor (isotropicity
simplifies the limit model which then decouples, which is not true in
general);
we will obtain the limit model under weakest possible regularity of loads
(in time), thus dealing with weak solutions analyzed in
[DuGunHouLee2002].
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Starting rescaled problem

Find uh ∈ H1(0,T ;V 1), ph ∈ H−1(0,T ;L2(Ω)) with d2uh

dt2 ∈ L2(0,T ;L2(Ω)3)
such that

d2

dt2

∫
Ω

ηhκhuh(t)φdx +
d
dt
ε2

h4

∫
Ωε

f

2eh(uh(t)) : eh(φ)dx

+
1
h2

∫
Ωε

s

A
(

x̂
ε
,

x3
ε
h

)
eh(uh(t)) : eh(φ)dx − 1

h2

∫
Ωε

f

ph divh φdx

=

∫
Ω

F hφdx , ∀φ ∈ V 1, a.e. in (0,T ),

where

κh = κ0
f χΩh

f
+ κ0

sχΩh
s
, eh := sym ∇h, div h := tr ∇h, ∇h := (∂1, ∂2,

1
h
∂3).

Initial conditions

uh
∣∣
{t=0} =

∂uh

∂t

∣∣∣∣
{t=0}

= 0 on Ω = (0,L)2 × (−1
2
,

1
2
).

V 1 := H1(Ω;R3). periodic in x1, x2 direction .

We consider the cases ε = ε(h) ≪ h, ηh → 0 and ηh = 1.
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Assumptions

The tensor A is assumed to be uniformly positive definite on symmetric
matrices:

ν|ξ|2 ≤ A(y)ξ : ξ ≤ ν−1|ξ|2 ∀ξ ∈ R3×3
sym , ∀y ∈ Ys.

Additional symmetries:

Aijkl = Ajikl = Aklij , i , j , k , l ∈ {1,2,3}.

In the case ηh → 0 we assume that F h ∈ H1(0,T ;L2(Ω;R3))∥∥∥πhF h
∥∥∥

H1(0,T ;L2(Ω;R3))
≤ C,

πhF h := (hF h
1,hF h

2,F
h
3)

2−⇀ F .

In the case when ηh = 1 we need only L2 forces in the third component.
We assume periodic boundary conditions in longitudinal direction and
Neumann at the upper and lower boundary (fluid boundary conditions at
transversal boundary?)
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Assumptions

In general for deriving quasistatic model...

ε∂ttu −∆u = f , u(0) = 0, ∂tu(0) = 0; u|∂Ω = 0.

If we test it with ∂tu we obtain

ε

∫
Ω

∂ttu · ∂tu −
∫
Ω

∆u · ∂tu =

∫
Ω

f · ∂tu.

We integrate over [0,T ] and obtain:

ε∥∂tu(T )∥L2 + ∥∇u(T )∥L2 =

∫ T

0

∫
Ω

f · ∂tu.

In order to get the bounds either ε ∼ 1 (use Young’s and Grönwall’s inequality)
or ∫ T

0

∫
Ω

f · ∂tu = −
∫ T

0

∫
Ω

∂t f · u,

and then combine it with Young’s and Poincare’s inequality and use
boundedness of f in H1 and Grönwall’s inequality.
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The main result ηh → 0

Theorem

The homogenized equations are given by:
Find (a, b, p) ∈ L2(0, T ; H1

#(ω)2) × L2(0, T ; H2
#(ω)) × L2(0, T ; L2(ω; H1(I))) such that

∫
ω

Ahom(ex̂ (a),∇
2
x̂b) : (ex̂ (θ∗),∇2

x̂θ3)dx̂ −
∫
ω

(
|Yf |I − BH

)
pI : [ι(ex̂ (θ∗))] dx̂

+

∫
ω

(
|Yf |I − BH

)
x3pI :

[
ι(∇2

x̂θ3)
]

dx̂ =

∫
ω

⟨F⟩Y · (θ∗, θ3) dx̂

−
∫
ω

⟨x3F∗⟩Y · ∇x̂θ3 dx̂ ∀ (θ∗, θ3) ∈ H1
#(ω)2 × H2

#(ω),

∂

∂t

∫
ω

M0p ξdx̂ +

∫
ω

K ∂3p ∂3ξdx̂ +

∫
ω

(|Yf |I − BH )ξI : ι
(

ex̂

(
∂a

∂t

))
dx̂

−
∫
ω

(
|Yf |I − BH

)
x3ξI : ι

(
∇2

x̂
∂b

∂t

)
dx̂ = 0, ∀ξ ∈ V1.

System has a unique solution.
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The main result ηh → 0

The tensor Ahom corresponds to the perforated domain;
the constants M0 and K are positive, BH is symmetric;
the system doesn’t, in general, decouple on membrane and bending
equations;
we can still decouple the last equation by taking ξ independent of x3 and
the ones perpendicular to that ones;
the limit effective fluid velocity is driven only by ∂3p, ie.,

v = −(K1,K2,K )∂3p.
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The main result ηh = 1

Theorem

The homogenized equations are given by:
Find (a, b, p) ∈ L2(0, T ; H1

#(ω)2) ×
(

L2(0, T ; H2
#(ω)) ∩ H1(0, T ; L2(ω))

)
× L2(0, T ; L2(ω; H1(I))) such that

∫
ω

∂2b

∂t2
θ3 +

∫
ω

Ahom(ex̂ (a),∇
2
x̂b) : (ex̂ (θ∗),∇2

x̂θ3)dx̂ −
∫
ω

(
|Yf |I − BH

)
pI : [ι(ex̂ (θ∗))] dx̂

+

∫
ω

(
|Yf |I − BH

)
x3pI :

[
ι(∇2

x̂θ3)
]

dx̂ =

∫
ω

⟨F⟩Y · (θ∗, θ3) dx̂

−
∫
ω

⟨x3F∗⟩Y · ∇x̂θ3 dx̂ ∀ (θ∗, θ3) ∈ H1
#(ω)2 × H2

#(ω),

∂

∂t

∫
ω

M0p ξdx̂ +

∫
ω

K ∂3p ∂3ξdx̂ +

∫
ω

(|Yf |I − BH )ξI : ι
(

ex̂

(
∂a

∂t

))
dx̂

−
∫
ω

(
|Yf |I − BH

)
x3ξI : ι

(
∇2

x̂
∂b

∂t

)
dx̂ = 0, ∀ξ ∈ V1.

System has a unique solution.
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The main result ηh = 1

there are no memory effects (bending plate model is long time evolution);
Again system is a coupling of quasi-static and evolutionary equations
(decoupling appears in the case of isotropicity). Eliminating a in general
causes spatial non-locality;
System is hyperbolic-parabolic coupling.
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The case of contacts

We can treat different contacts of poroelastic and (poro)elastic plate. We
assume finite number of different poroelastic cells. The most critical contacts
are contacts across the thickness.

𝑈1

𝑈3

𝑈2

𝑈4

Figure: Figure illustrates the layer-like arrangement of the poroelastic plate when
ε(h) > 0
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The case of contacts-interface

𝑌௦

𝑌௙

𝑌௦

𝑌௙

𝑌௦

𝑌௦

(a)

𝑌௦

𝑌௙

𝑌௦

𝑌௙

𝑌௦

𝑌௦

(b)

Figure: (a) is an example of interface where there is no flow, while (b) is an example of
interface such that there is a flow.
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Remarks

in the case of ηh = 1 we work with weak solution for fluid-elastic structure
interaction analyzed in [DuGunHouLee2002];
we can only guarantee that pressure is bounded in H−1 in time and L2 in
space variable (with bounds independent of h);
the fundamental tool used for doing dimension reduction in elasticity is
(modified) Griso’s decomposition which completely characterizes the
sequences of deformations with bounded symmetrized scaled gradients
(see [Griso2005],[Vel14],[BuzCheVelZub22]);
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Remarks

Modified Griso’s decomposition:

lim sup
n→∞

∥eh(uh)∥L2 <∞ ⇐⇒

uh(x) =

(
a(x̂)
b

h

)
− x3

(
∇x̂b(x̂)

0

)
+ Ah

 x1
x2
hx3

+ ch +ψh(x),

Ah ∈ R3×3
skew, ch ∈ R3, (ψh

1 , ψ
h
2 ,hψ

h
3) → 0.

eh(∇hψ
h) = −x3ı(∇2

x̂φ
h) + eh(∇hψ̃

h
) + oh.

φh → 0 strongly in H1(ω) , ψ̃
h → 0 strongly in L2(Ω,R3),

lim sup
n→∞

(
∥φh∥H2 + ∥∇hψ̃

h∥L2

)
<∞, ∥oh∥L2 → 0.
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Remarks

additional regularity of the limit pressure
C(0,T ;L2(Ω)) ∩ L2(0,T ;L2(ω;H1(I))) is obtained by considering the
equations satisfied by the limit pressure;
we also obtain that (a, b) ∈ C(0,T ;H1

#(ω)
2 × H2

#(ω)) by analyzing the
limit equations.
for the limit equations, it is possible to define the mild solution (with
semigroup approach) which doesn’t have enough regularity to be the
unique solution of the equations (thus we use Galerkin approximation);
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Remarks

semigroup approach can be used to approximate the solution with more
regular solution (strong solution) and then to prove energy equality, by
using stability estimate. Energy equality is used to prove strong
converegence of solutions (under the assumption of strong convergence
of the loads);
the initial condition of pressure is encoded in the limit equations and is
non-zero for the loads that satisfy F (0) ̸= 0;
for the case of contacts we always obtain that the pressure is in
L2(0,T ;L2(ω;H1(Ii))), for every (poro)elastic layer Ii , i = 1, . . . ,m. In
order to obtain the model we need to characterize the jump of the trace of
the pressure on every ω × ∂Ii ;
when there is a thin elastic layer between Ii and Ii+1 (possibly vanishing in
the limit) the interface condition is ∂3p = 0;
when the condition of the Figure b) is satisfied the pressure is continuous
in the x3 direction;
similarly, at the upper and lower boundary if we have thin elastic layer
(possibly vanishing in the limit) the boundary condition is ∂3p = 0.
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Remarks

it is possible to add surface loads at the elastic part of the upper and
down boundary causing the additional terms appearing at the right hand
side of the limit equations;
it is difficult to justify, from the microscopic point of view, any other
condition for the pressure besides ∂3p = 0 at the upper and down
boundary;
it is impossible to impose Dirichlet boundary condition for the fluid (also
for the solid!) at the upper and down boundary (see [CoMuPi94] for the
discussion of different boundary conditions for the Stokes equation);
strong convergence of solutions (with appropriate correctors) is proved
only under the condition F (0) = 0 (which is often assumed in the
literature for the derivation of the limit equations also). This is reasonable,
since it implies a(0) = 0, b(0) = 0 and p(0) = 0.
no quantitative approach by now.
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Existence result for quasi-static case

V ,H separable Hilbert spaces such that

V ↪→ H ≡ H ′ ↪→ V ′.

Find u ∈ L2(0,T ;V ) such that{
d
dt [B0u] +A0u = S ∈ L2(0,T ;V ′)

[B0u](0) = B0u0 ∈ H.

Definition
The function u ∈ L2(0, T ; V ) such that

−
∫ T

0
⟨B0u(t), v ′(t)⟩H dt +

∫ T

0
V ′ ⟨A0u(t), v(t)⟩V dt =

∫ T

0
V ′ ⟨S(t), v(t)⟩V dt + ⟨B0u0, v(0)⟩H ,

holds for all v ∈ {w ∈ L2(0, T ; V ) ∩ H1(0, T ; H) : w(T ) = 0} is called a weak solution.
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Existence result for quasi-static case

The following is given in [GURWEB2022].

Assumption
We assume that

1 A0 ∈ L(V , V ′) is monotone on V, i.e.

V ′ ⟨A0v , v⟩V ≥ 0, ∀v ∈ V ;

2 B0 ∈ L(H) is self-adjoint positive semidefinite on H;
3 There exist constants λ, c > 0 such that

V ′ ⟨A0v , v⟩V + λ⟨B0v , v⟩H ≥ c∥v∥2
V , ∀v ∈ V .

Theorem
The unique solution of the above abstract problem satisfies

∥u∥2
L2(0,T ;V )

≤ C(c, λ)
[
∥S∥2

L2(0,T ;V ′) + ⟨B0u0, u0⟩H

]
.

Corollary
If B0 is coercive

∥u∥2
C(0,T ;H) ≤ C(c, λ)

[
∥S∥2

L2(0,T ;V ′) + ⟨B0u0, u0⟩H

]
.
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Existence result for quasi-static case

the existence proof is done by using the Lax-Milgram;
with the semigroup approach we obtain that u ∈ C(0,T ;H);
we take H = L2(Ω), V = L2(ω;H1(I));

∥v∥V := ∥v∥L2 + ∥∂3v∥L2 , V ′⟨A0v1, v2⟩V =

∫
Ω

K∂3v1 · ∂3v2 dx ;

we use the following additive decomposition from the first equation:

(a, b) = (a, b)F + (a, b)p;
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Existence result for quasi-static case

∫
ω

Ahom(x̂)(ex̂(a
p),∇2

x̂b
p) : (ex̂(θ∗),∇2

x̂θ3)dx̂ =∫
ω

∫
I

(
|Yf (x)|I− BH(x)

)
p dx3 : [ι(ex̂(θ∗))] dx̂

−
∫
ω

∫
I

(
|Yf (x)|I− BH(x)

)
x3p dx3 :

[
ι(∇2

x̂θ3)
]

dx̂ , ∀ (θ∗, θ3) ;∫
ω

Ahom(x̂)(ex̂(a
F ),∇2

x̂b
F ) : (ex̂(θ∗),∇2

x̂θ3)dx̂ = ⟨F , (θ∗, θ3)⟩, ∀ (θ∗, θ3) .

we plug it in the second equation and obtain the form of the abstract
problem, after appropriate definition of the operators.
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Existence result for quasi-static case

⟨B0p1,p2⟩H :=

∫
Ωp

M0(x)p1(x) · p2(x)dx

+

∫
ω

∫
I
(|Yf (x)|I− BH(x))p2 dx3 : ι (ex̂ (a

p1))dx̂

−
∫
ω

∫
I

(
|Yf (x)|I− BH(x)

)
x3p2 dx3 : ι

(
∇2

x̂b
p1
)

dx̂ ,

V ′⟨S(t), v⟩V := −
∫
ω

∫
I
(|Yf (x)|I− BH(x))v dx3 : ι

(
ex̂

(
a∂t F (t)

))
dx̂

+

∫
ω

∫
I

(
|Yf (x)|I− BH(x)

)
x3v dx3 : ι

(
∇2

x̂b
∂t F (t)

)
dx̂ ,

⟨B0p0,h⟩H :=

∫
ω

∫
I
(|Yf (x)|I− BH(x))h dx3 : ι

(
ex̂

(
aF (0)

))
dx̂

−
∫
ω

∫
I

(
|Yf (x)|I− BH(x)

)
x3h dx3 : ι

(
∇2

x̂b
F (0)
)

dx̂ .
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Energy-type equality

The following energy equality can be proved:

1
2

∫
ω

Ahom(x̂)(ex̂(a(t)),∇2
x̂b(t))) : (ex̂(a(t)),∇2

x̂b(t))dx̂ +
1
2

∫
Ω

M0(x)p2(t)dx

+

∫ t

0

∫
Ω

K |∂3p|2dx dt = ⟨F (t), (a(t), b(t))⟩ − ⟨F (0), (a(0), b(0))⟩

−
∫ t

0
⟨∂tF (τ), (a(τ), b(τ))⟩dτ +

1
2

∫
Ω

M0(x)(p0)
2 dx ,

one would like to use θ∗ = ∂ta, θ3 = ∂tb in the first equation and ξ = p in
the second and sum them; however we don’t have enough regularity;
for regular enough initial condition and loads, the solution is also regular
and thus we have energy-type equality;
for the general case use an approximation of the initial conditions and
loads and the stability estimate.
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Analysis of the evolution case

we can interpret the solution as a mild solution via semigroup approach,
but we again don’t obtain enough regularity of the (unique) solution;
we use Galerkin approximation to obtain the solution and the stability
estimate;
to conclude energy-type equality one uses approximation of the solution
with regular one and semigroup approach;
from the first equation we need to express a via additive decomposition:

a = aF + ap + ab;

and then consider the problem with unknowns (b, ∂tb,p).
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Thank you for your attention!
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