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A (very) brief history of poroelasticity and motivation

Poroelastic materials

are materials consisting of an elastic skeleton (the solid phase) and the pores
saturated by a viscous fluid (the fluid phase). Some examples include:

Cortical

-

Cancellous

Bone
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A (very) brief history of poroelasticity and motivation

@ Maurice Anthony Biot (1941, Foundations of theory of poroelasticity).
Biot, M. A. (1941). "General theory of three dimensional consolidation".
Journal of Applied Physics. 12 (2): 155—-164.

@ Andro Mikeli¢ was a pioneer in a mathematical analysis of poroelastic
media.

(i) Mathematically rigurous derivation of Biot’s systems, quasi-static Biot’s
equations of thin poroelastic plate;

(ii) Derivation of transmission laws at interface.
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Interaction of fluid with a porous elastic structure
Let ¥ = (0,1)® be the unit cell.

@ Let Vs (the solid part) be a closed subset of ) and Vs = V' \ Vs (the fluid part)

Solid part

@ We make the following standard assumptions on Eg
E =R%\ Es:

= Ukez3(k + yé() and
(a) Vs is an open connected set of strictly positive measure, with a Lipschitz
boundary;
connected.

(b) The interiors of Es and E; are open sets with Lipschitz boundary and E; is
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Assume that Q = (0, L)% ¢ R3 is covered with a regular mesh of size ¢.

Figure: The fluid and solid phase

The fluid-solid interface is indicated by I'* := 0Qg N 0Q5. The domains Qg and
Q¢ represent, respectively, the solid and fluid parts of a porous medium €.
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Interaction of fluid flow with a porous elastic structure

Seminal papers: poroelastic media

The equations that describes this previous cases are given respectively
2u€
or
ou®
. =0
v ot ’
m 62u5 H S,e F 1 154 T I 101 H
e"ps o — dive®® = psF inQg x (0, T), (elasticity equation)

£Mpy — dive” = pF,

in Qf x (0, 7) (Stokes equation)

[U*] =0 onTl®x(0,T) (displacement continuity at the interface),

=

ot
o%¢ = Ae(u®) (stress in solid),

ou .
olf = —p°l+2ne ( ) (fluid stress),
o .n=c¢"-n onrex (0, T), (continuity of normal stresses)
Ul = Ol |4_oy =0 on Q, (initial condition)

{u*,p°} s periodic in (xy, xo) with period L.
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Interaction of fluid with a porous elastic structure

Seminal papers: poroelastic media

@ [GILBMIK2000] analysis of the above problem with
m=r=0;

@ [CLFRGILBMIK2001] analysis of the above problem with

m=0 and r=2;

@ [MIKWHE2012] interface conditions between a poroelastic medium and
an elastic body. Analysis of the above problem for Q = (0, L)% U X U Qg,
where Q¢ = (0,L)? x (—L,0), X = (0, L)? x {0} with

m=1 and r=2;

@ [JAGMIK1996] interaction between porous media and fluid (2d)-
derivation of contact conditions;
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Interaction of fluid with a porous elastic structure

Seminal papers: poroelastic media

[TAB1992] derivation of poroelastc plate model based on physical
assumptions (plane stress, Kirchoff-Love ansatz, transverse fluid velocity
is dominant);

[MACMIK2015] derivation of poroelastic plate model starting from 3d
Biot’s equations for isotropic elastic tensor, using dimension reduction
techniques;

[GURWEB2022] analysis of poroelastic plate equation: existence and
unigueness of solution;

[DuGunHouLee2002] linear fluid-structure interaction, existence,
uniqueness, weak and strong solution;

[GahJagNeu2022] regime £ ~ h plate in fluid; the limit model is not of
Biot’s type;

[Gah2024] in the regime e ~ h derivation of Biot’s plate equations
(different type of equation than in [MACMIK2015]);
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Biot’s bulk model

Q" = {(x1, X2, X3) € w x (—h/2, h/2)}, where the mid-surface w is a bounded
Lipschitz domain.

2vG

) in Q"

a:ZGe(u)+(1

—GAU—%V dvu+asyp=0in Q" (dive =0),

aat(VGPJradlv U)—ﬁAp 0 in Q"

G-shear modulus, v-Poisson ratio, a- effective stress coefficient, vg inverse of
Biot’s modulus, k-permeability, n-viscosity.

@ the mean velocity of the fluid (velocity oscillates!) is proportional to the
gradient of pressure (in case of absence of volume forces)-Darcy’s law.

@ the evolution model has memory effects!
@ the constant k/7 is additionally scaled with A?.
@ on =P 93p = U"at x3 = +h/2.
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Biot’s plate model

G(1+v)

GAza +
1—v

2
. a1l —2v 1/2 _q/2\ i
Vidivga + %V,}N-f— E (7)]/ +Pj /)e/:O,
=1

G 2 1_2V 1/2 off
mﬂﬂﬂra — Ax/1/2X3p dxs =

2
0 - _
Zaﬁ 731/24_7%‘ 1/2)—1-77;/24—7?31/2.

3

@ b(xy, X2, ) is the effective transverse displacement of the surface (scaled),

@ a=(ay,a2), aj(x1,x, 1) — x30;b , j = 1,2, are the effective in-plane solid
displacements.
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Biot’s plate model

a?(1 —2v) a1 —2v)
ot aa—yN= "=, M
- =7 - N) = — A
(’YG+ZG( ))8t(p ) 0% — (P +N) = aX3 A
93" = Ul at x3 = i%

@ p°"(xy, X2, x3, ) is the effective fluid pressure,

1/2
o N= —/ pe” dxsz is the effective stress resultant due to the variation in

—1/2

pore pressure across the plate thickness.
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Our goal is to justify limit model under simultaneous homogenization and
dimension reduction (also the evolution). This enables us to
@ understand the limit Darcy’s law (which is not seen in continuum model);
@ derive the contact of poroelastic and (poro)elastic plate and their relation
to the microscopic model;
@ understand the boundary conditions at the upper and lower boundary
and their relation to the microscopic model.
In addition
@ we will perform the computations for general elasticity tensor (isotropicity
simplifies the limit model which then decouples, which is not true in
general);
@ we will obtain the limit model under weakest possible regularity of loads

(in time), thus dealing with weak solutions analyzed in
[DuGunHouLee2002].
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Starting rescaled problem

Find u" € H'(0, T; V'), p" € H'(0, T; L2(Q)) with £ € [2(0, T; L2(Q)?)
such that

a? h_h,h d & h
ﬁ/Q” Ru(t)pdx+ G [ 2en(u(1) s () de

f

1 x x niey) - LI QR
+ 1 /QZA<€7 Z)Gh(u (1) en(p) dx — 45 /Q?P divy ¢ dx

:/icpdx, Voe V', ae.in(0,T),
Q
where

. 1
kh = K?Xm + mgxng, en:=symVy, divy:=trVy Vi:i= (04,02, E@g).
Initial conditions

ouh 11
h _ _ 2
u'l oy = ar =0 onQ=(0,L)*x (-

~.2).
{t=0} 22

vi.=H' (< Rs). periodic in Xy, Xo direction .
We consider the cases € = ¢(h) < h, " — 0 and " = 1.
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The tensor A is assumed to be uniformly positive definite on symmetric
matrices:

VIEP <A E<vTEP VEERYS, Vye Vs
Additional symmetries:
A,’jk/:Aj,'k/:Akﬁj, i,j, k,/G {1,2,3}.

In the case 1" — 0 we assume that F" € H'(0, T; [2(Q; R3))

[P

mwF" .= (hFf, hF5, Ff) 2 F.

In the case when 1" = 1 we need only L? forces in the third component.
We assume periodic boundary conditions in longitudinal direction and
Neumann at the upper and lower boundary (fluid boundary conditions at
transversal boundary?)

b

<
H(0, T;L2(Q;R3)) —
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In general for deriving quasistatic model...
edpu— Au=1F, u(0)=0,0:u(0)=0; ulog=0.

If we test it with 0;u we obtain

5/aﬁU'atU*/AU'a[U:/f'atU.
Q Q Q

We integrate over [0, T] and obtain:
-
6||8[U(T)||L2 + ||VU(T)||L2 = / / f- 8[U.
0 Q
In order to get the bounds either £ ~ 1 (use Young’s and Grénwall’s inequality)

or
T T
//f-atu:—/ /6tf'U,
0 JQ 0 JQ

and then combine it with Young’s and Poincare’s inequality and use
boundedness of f in H' and Grénwall’s inequality.
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The main result " — 0

The homogenized equations are given by:
Find (a, b, p) € L2(0, T; Hy(w)?) x L2(0, T; H5(w)) x L3(0, T; L*(w; H'(1))) such that

[ (exta), VEo) s (ex(6.), VEda)ax — [ (13111 = BY) Bl [ex0.)] 0%

+/ (13411 = B) 5Bl - [1(v265)] d&:/ﬁ~(e*7os)df(

/(x3 V303 dX Y (0.,03) € Hy(w)® x H(w),

5 da S

at/ Mopsdx+/ Kagpasédx+/(\yrl’— el ( (E))dx
— ob

—L (13111 - BY) X36/1L<V§aj) df=0, veeW.

System has a unique solution.
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The main result " — 0

@ The tensor A™™ corresponds to the perforated domain;
@ the constants M and K are positive, B is symmetric;

@ the system doesn’t, in general, decouple on membrane and bending
equations;

@ we can still decouple the last equation by taking ¢ independent of x3 and
the ones perpendicular to that ones;

@ the limit effective fluid velocity is driven only by d;p, ie.,

V= —(K1 s Kg, K)83p
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The main result " = 1

The homogenized equations are given by:
Find (a, b, p) € L2(0, T; Hj(w)?) x (LZ(O, T Hi(w)) N H'(0, T; Lz(w))) x L2(0, T; L?(w; H'(1))) such that

2
[ Satet [ A (exa). VE0) s (ex(6.), Vi0a)dk — [ (1111~ B) Bl (ex@.))] 0%

+/ 11~ B¥) %p1 : [u(V36)] i = [ TF)y - (6., 0a) o
7/ (xaF.)y - Vi3 d% V¥ (0.,05) € Hy(w)® x Hy(w),
) ) .
o | mpeai+ [ kopaneas+ [ (ili-5"Ers (o (5)) o
R 0 N
,/w <|y,\/—13”) xag/;b(vﬁa—b dx =0, VéeV.

System has a unique solution.
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The main result " = 1

@ there are no memory effects (bending plate model is long time evolution);

@ Again system is a coupling of quasi-static and evolutionary equations
(decoupling appears in the case of isotropicity). Eliminating a in general
causes spatial non-locality;

@ System is hyperbolic-parabolic coupling.
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The case of contacts

We can treat different contacts of poroelastic and (poro)elastic plate. We

assume finite number of different poroelastic cells. The most critical contacts
are contacts across the thickness.

Us

7

7

Figure: Figure illustrates the layer-like arrangement of the poroelastic plate when
e(h)>0




The case of contacts-interface

MO

N\
N

\\
MANNN

\
\\\\\\\
A\
(b)
interface such that there is a flow.

Figure: (a) is an example of interface where there is no flow, while (b) is an example of
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@ in the case of " = 1 we work with weak solution for fluid-elastic structure
interaction analyzed in [DuGunHoulLee2002];

@ we can only guarantee that pressure is bounded in H~" in time and L? in
space variable (with bounds independent of h);

@ the fundamental tool used for doing dimension reduction in elasticity is
(modified) Griso’s decomposition which completely characterizes the
sequences of deformations with bounded symmetrized scaled gradients
(see [Gris02005],[Vel14],[BuzCheVelZub22]);
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Modified Griso’s decomposition:

limsup ||en(u")|| 2 < 00 <=

X o X
u(x) = < % ) x5 < Vi) ) LA x|+,
h hxs

AP RS M e RS, (wh vl i) — 0.

skew ?
~h
en(Vip") = —xau(V2o") + en(Vpip ) + 0.

©" — 0 strongly in H'(w), {ph — 0 strongly in L2(Q,R3),

. ~h
imsup ([|¢" 12 + V" 12) < 00, l0"]zz = .
n—oo
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@ additional regularity of the limit pressure
C(0, T; L2(Q)) N L3(0, T; L3(w; H'(/))) is obtained by considering the
equations satisfied by the limit pressure;

@ we also obtain that (a, b) € C(0, T; Hj,(w)? x HZ(w)) by analyzing the
limit equations.

@ for the limit equations, it is possible to define the mild solution (with
semigroup approach) which doesn’t have enough regularity to be the
unique solution of the equations (thus we use Galerkin approximation);
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@ semigroup approach can be used to approximate the solution with more
regular solution (strong solution) and then to prove energy equality, by
using stability estimate. Energy equality is used to prove strong
converegence of solutions (under the assumption of strong convergence
of the loads);

@ the initial condition of pressure is encoded in the limit equations and is
non-zero for the loads that satisfy F(0) # 0;

@ for the case of contacts we always obtain that the pressure is in
L2(0, T; L3(w; H'(1)))), for every (poro)elastic layer /;, i =1,...,m. In
order to obtain the model we need to characterize the jump of the trace of
the pressure on every w x 9l;;

@ when there is a thin elastic layer between /; and /1 (possibly vanishing in
the limit) the interface condition is d3p = 0;

@ when the condition of the Figure b) is satisfied the pressure is continuous
in the x3 direction;

@ similarly, at the upper and lower boundary if we have thin elastic layer
(possibly vanishing in the limit) the boundary condition is d3p = 0.
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it is possible to add surface loads at the elastic part of the upper and
down boundary causing the additional terms appearing at the right hand
side of the limit equations;

it is difficult to justify, from the microscopic point of view, any other
condition for the pressure besides d3p = 0 at the upper and down
boundary;

it is impossible to impose Dirichlet boundary condition for the fluid (also
for the solid!) at the upper and down boundary (see [CoMuPi94] for the
discussion of different boundary conditions for the Stokes equation);

strong convergence of solutions (with appropriate correctors) is proved
only under the condition F(0) = 0 (which is often assumed in the
literature for the derivation of the limit equations also). This is reasonable,
since it implies a(0) = 0, b(0) = 0 and p(0) = 0.

no quantitative approach by now.
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Existence result for quasi-static case

V., H separable Hilbert spaces such that
Vs H=H < V.
Find u € L2(0, T; V) such that

4[Bou] + Agu = S € L2(0, T; V')
[BOU](O) = Boug € H.

Definition
The function u € L?(0, T; V) such that

T T T
—/ <zsou(t),v’(t)>Hdt+/ V/(Aou(t),v(t))vdtz/ o (S(8), V(D)) v dt + (Boto, v(0))#,
0 0 0

holds for all v € {w € L3(0, T; V) n H'(0, T; H) : w(T) = 0} is called a weak solution.
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Existence result for quasi-static case

The following is given in [GURWEB2022].

We assume that
° Ao € L(V, V') is monotone on V, i.e.

v (Aov,v)y >0, VveV,

© 5o € L(H) is self-adjoint positive semidefinite on H;
e There exist constants X\, ¢ > 0 such that

v (AoV, Vv + MNBov, iy > c|lv[|3, Vve V.

i A\

The unique solution of the above abstract problem satisfies

16tz 7,0y < €(e,A) 11200, 7,1y + (Botlo, tod] -

| .

If By is coercive

160, < C(6 ) 118120, 77y + (Botos todu] -
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Existence result for quasi-static case

@ the existence proof is done by using the Lax-Milgram;
@ with the semigroup approach we obtain that u € C(0, T; H);
@ we take H = L2(Q), V = L2(w; H'());

IVilv:= [Vl +03v]2, v (Aovi,Ve)y = / KOsvy - O3v» dx;
Q

@ we use the following additive decomposition from the first equation:

(Cl, b) = (a7 b)F + (a7 b)p;
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Existence result for quasi-static case

AP (%) (e5(o). VEOP) - (€5(6.), VE0s)d =

g\s\

-

/ (I:(x) [T — B (x)) pax : [(€5(8.))] dX

/ / |yf ‘I[ ]BH( )) X3,0dX3Z [L(V%@g)] d?, V(Q*,os);

/Ahm(?)(ey(aF%V%bF) : (63(0.), V403)dX = (F,(6.,63)), V(0.,03).

@ we plug it in the second equation and obtain the form of the abstract
problem, after appropriate definition of the operators.
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Existence result for quasi-static case

(Bopr.pebss = [ Mo(x)ps (x) - pa() o
+ [ [0 =B 0)pe i - 1 (ex (a7)) 0%

—//I(ny(X)IJI—IBSH(X)) X3Pz dxs : ¢ (VabP') dX,

(S vy =~ | /I(|J7f(X)|]I—IB%H(x))vdX3:L(e? (0)) o

+/ /(D}f(x)m — BH(X)) X3V adxs L (v%barF(t)> d?,
wJl

(Bopo, hyy = /w //(|y,(x)|11 ~BH(x))hdxs : ¢ (e; (aF<°>)) dx

_//I(D)f(X)UI—IB%H(X))XSthg;L(V%bF(O)) a5
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Energy-type equality

The following energy equality can be proved:
5 [ AR ex(a(t). V36(1)  (ex(alt). V3N + 5 | Mo(x)pF ()
+ [ [ KlosplZax ot = (F(1).(a(t). (1)) - (F(0).(a(0). (0)
0 JQ
- [, (s o) dr + 5 [ M) (po)? o

@ one would like to use 0, = 9:a, 83 = ;b in the first equation and £ = pin
the second and sum them; however we don’t have enough regularity;

@ for regular enough initial condition and loads, the solution is also regular
and thus we have energy-type equality;

@ for the general case use an approximation of the initial conditions and
loads and the stability estimate.
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Analysis of the evolution case

@ we can interpret the solution as a mild solution via semigroup approach,
but we again don’t obtain enough regularity of the (unique) solution;

@ we use Galerkin approximation to obtain the solution and the stability
estimate;

@ to conclude energy-type equality one uses approximation of the solution
with regular one and semigroup approach;

@ from the first equation we need to express a via additive decomposition:
a=af +aP +a

and then consider the problem with unknowns (b, 0;b, p).
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Thank you for your attention!
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