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© Introduction - periodic homogenization




Periodic homogenization of elliptic PDE

Fix € > 0 a small parameter.

Oscillatory periodic heterogeneous media

e Matrix-valued function A.(z) of material coefficients.
o Ac(z) = A(%).
e A is Y-periodic in R%, Y = [0,1]%.

The matrix A is symmetric, and Ja, 8 > 0, such that:
of¢]” < A€ < BlEf, VY, EeR%
The associated elliptic operator:
Acu = —div (A (z)Vu), D(A)c H'(RY).

What happens when ¢ — 07 Approximation properties for the stationary case,
parabolic and hyperbolic evolution, the spectrum?




Periodic homogenisation of elliptic PDE

Resolvent problem

Let f_ e L*(R%). Find u. € H'(R?) such that:
Acue +ue = f_, on R%

The matrix of homogenised material coefficients:

Aof-€:= min fy AW) (€ + V) - (€ + V),

peHL(Y)
HL(Y):={ue H (Y),uis Y— periodic }.

Aou := —div (AoVu), D(Ay) = H*(R?).

Resolvent problem for the homogenised operator

Let f € L*>(R?). Find w € H'(R?) such that:

Aou+u=F, onR?




Qualitative and quantitative results

Qualitative results for u. — u:

(Ac+ D) fo > (Ao+ D)7, Vi — f

Quantitative results are given with the norm-resolvent estimates
(Birman, Suslina 2001., 2005., 2006., ...):

Quantitative result
[(Ac + D)™ = (Ao + 1)~ ”L?(]Rd)HLz rd) < CF,
[l (Ae + 1)71 — (Ao + 1)71 — eReorr (€)|| 2 @’ (re) < Ce,
I(Ae + D)7F = (Ao + 1) " = eReors (¢) | 2 ety L2 (rey < CEP,




Periodic homogenisation of elliptic PDE

Methods: (capable of producing norm-resolvent estimates)

Periodic unfolding by Griso, Birman-Suslina spectral germ approach,
Zhikov-Pastukhova shift method, Floquet-Bloch analysis by Zhikov, Conca,
Vanninathan, Ganesh, refinement of the two-scale expansion method by Kenig,
Lin, Shen, approaches by Waurick, Cooper, Kamotski, Smyshlyaev,
Cherednichenko, D'Onofrio...

e Operator asymptotic approach used for simultaneous homogenisation and
dimension reduction: Cherednichenko, Velci¢ (2021. thin heterogeneous
plates), Cherednichenko, Velci¢, Z. (2023. thin heterogeneous rods)




© The setting of linearized elasticity and main results




The operator of linearized elasticity

Tensor of material coefficients A:
e A:R3 — R3*3X3x%3 i5 73_periodic.
e A is uniformly (in y) positive definite on symmetric matrices: There exists
v > 0 such that

VIEP < AWE €< LIEf, vERYY, WyeY.
e The tensor A satisfies the following material symmetries:
AR = AT = AT ig k1€ {1,2,3).
e The coefficients of A satisfy Al} € L®(Y), where 4, j,k, 1 € {1,2,3}.
We shall write A. = A(2).

Definition

The operator A. = (sym V)*A. (sym V) is the operator on L?(R?; C?) defined
through its corresponding sesquilinear form a. with form domain H*(R?; C?) and
action

T

as(u,v) = Jw A (E) sym Vu(z) : sym Vo(z) de, w,ve D(a) = H (R?C?).
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The operator of linearized elasticity

Definition (Homogenized tensor)

Homogenized tensor A™ e R3X3%3X3 s defined by
amei¢ = [ A (+symVut)iCdy €CeRSY,
Y

where the corrector term u® € HJ,(Y; R?) is the unique solution of the
cell-problem:

A (& +symVub) : symVody =0, Yove H,(Y;R?),
Y #
Syué = 0.

Definition (Homogenized operator)

Ahom = (sym v)*Ahom (sym v) :
with domain D (Ahom) = H?(R?;C?). Its corresponding form is given by

a"™ (u, v) = JR

9

AM™ sym V- sym Vo dy,  u,v € D(a"™) := H' (R?,C?).
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Norm-resolvent estimates

There exists C > 0 independent of the period of material oscillations € > 0 such
that the following norm-resolvent estimates hold:

e L? — L? estimate.

—1
H(Ag T (A‘“m + I) < Ce.
L2(R3,R3)—L2(R3,R3)
e 7> — H! estimate.
-1
H(Ae + 1)71 - (Ahom + I) - gorr,l < C€.
L2(R3,R3)— H1(R3,R3)

e Higher-order L?> — L? estimate.

2
< Ce”.

L2(R3,R3)— L2 (R3,R3)

H(A + ) - (Ah°m + 1)71 — REen — RE
€ corr,1 corr,2

Here, Rorr,1 and Reorr 2 are the corrector operators.




Strategy for the proof

e Use Gelfand transform in order to decompose the operator in the direct integral
of operators with discrete spectrum defined on invariant infinitesimal subspaces

e Provide the estimates on the eigenvalues of these operators

e |dentify the limit operator, provide norm-resolvent estimates by performing
asymptotic expansion of the resolvent w.r.t. the quasimomentum, keeping in
mind the scaling of the spectrum.

e Combine the optimal estimates into one uniform norm-resolvent estimate
depending only on &, by using functional calculus. Bring the fiber-wise estimate
back to the full space.

Another important question: Can one obtain
-1
(As + 1)71 = (Ahom + I) + Rgorr,l + Riorr,? + Riorr,B + .. )

so that the error is of the order €™?
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© Operator fibres and Gelfand transform
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Gelfand transform

To study periodic functions and operators, we will make use of the Gelfand
transform G. This is defined as follows:

(©]
G: L*(R*CY) — L*(Y'; L*(Y;C°)) = L, L*(Y;C%)dx

1 i (g
(gu)(?JyX) = W Z € vt l)u(y+n)7 yEY7 XGY/7
i nezs

The Gelfand transform G is a unitary operator
(W, ) 2 oy = (GU,GO) 2y 2y sy, Y, v € LR CY),
and the inversion formula is given by

1

MO G

J eX?(Gu)(z, x)dx, zeR?
Y/
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Scaled Gelfand transform

To deal with the setting of highly oscillating material coefficients, we will consider
a scaled version of the Gelfand transform, denoted by G., where € > 0. This is
defined by:

D
G.: L*(R*C*) — L*(Y; L*(v;C%)) = J L*(Y;C%)dy,
Yl

3/2 ix-(ytm ,
@)= (52) X e U ully+n), yeY, xeY.

neZ3
The inversion formula for G.:

1

u(e) = (27e)3/?

J , €X' (Gou) (g,x) dy, wzeR>.

1
Ge (sym V) (y, x) = - (sym Vy (Gew) +iXy (Geu))
where

Xyu =sym (u® x) = sym (uXT)
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-
Operator fibres

The operator Ay = (symV + X, )¥*A(sym V + iX,) on L*(Y;C?) is defined
through sesquilinear form a,, with form domain H(Y;C?) and action

ay(u,v) = JY A(y)(symV +iX )u(y) : (symV +iX, )v(y) dy, wu,ve H#(Y; (CS).
For each x € Y’, set A};’m € C3*3 to be the constant matrix satisfying

<A;°mc, d>c3 = fy A (sym Vue + iXyc) : iX,d, Ve,d e C?,
where u. € Hj, (Y;C?) is the unique solution of

A (sym Vue + iXyc) :symVo =0, Yve HL(Y;C?),
Y X #

§y e = 0.

AL = (iX,)* AP X,




Smoothing and averaging operators

The averaging operator on Y, Py : L*(Y;C®) — C® — L?(Y;C?) is given by

Pou=j u.
Y

That is, Py = Pgs, the orthogonal projection of L2(Y; (C3) onto C3.

C® = Eig (0; Ao) = ker(Ao) = ker(sym V) n H4(Y;C?).

For € > 0, the smoothing operator = : L*(R?; C?) — L*(R?; C?) is defined as
follows:

()
Y’ Y

(E8) (@) = (F  (Ligrey-1y7) * f) (2).




Connection with the full-space operators

Proposition (Passing to the unit cell for A. )

The following identities hold for z € p(A.)
« (%1 =1 « [ (O 1 -
AE = gg v ?Axdx ga, (AE - ZI) = gg v ?AX — 2zl dX ge

Proposition (Passing to the unit cell for A"™)

The following identities hold for z € p(A™™)

® 7
Abomz, — g* (J > PEAR™ Py dx) G..
Y/

hom =1 £ P 1 hom -t
(A - zI) o= (. f (?AX - zlcs) Podx | G-.
Y'/




[llustration, spectral decomposition of A,

o(Ry)
Ayz

Aoz
Avs
] Avs

Aop = Aoz =|Aoz =0 X

a(R,) = Uo(e'zfﬂx)

xey'
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Fiber-wise spectral analysis

the spectrum of A, is discrete, with eigenvalues \X

OSA S A SA SN <>

There exists a closed contour I'  {z € C,R(z) > 0}, oriented anticlockwise, where
the following are valid:

e (Separation of spectrum) There exist some p > 0, such that for each
X € [, #]*\ {0}, T encloses the three smallest eigenvalues of the operators
Ax and ﬁfl;‘)m. That is, the points

IXIT2NY, T, i=1,2,8.

Furthermore, T' does not enclose any other eigenvalues

e (Buffer between contour and spectra) There exist some po > 0 such that

. — 1 >\h°"77X

1 .
—= XX = po and inf BE .

3 - x| e
X€[—p,p1]7\{0} X€[—p,u]”\{0}
4} ie{1,2,3}

= po.




[llustration

1 ax
X274

2 Po =Py ZpPo

Figure: A schematic of the contour T', for quasimomentum x € [—pu, 1]3\{0}.

Let P, : L*(Y;C?) — L?*(Y;C?) be the projection onto the eigenspace
corresponding to the first three eigenvalues Ay, A%, AX of A,.
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@ Resolvent asymptotics
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Heuristic

Scaled resolvent problem

Find u € H;E(Y; C?) such that

1
x|?

Our goal is to expand the solution u in the form

f A(symV-‘riXX)u:(symV+iXX)v—zJ u~5=f f, V’UGH:}#(Y;CS).
Y Y Y

U =1up+ U + U2 + Uerr, Ui, Uerr € H#(Y;(C?’), 1=0,1,2,
where the terms satisfy the following bounds
Uo = 0(1)7 u; = O(‘XD: Uz = O(‘X|2)7 as ‘X| l 0.

with respect to H'(Y;C?) norm, with explicit dependence on || f2(y.c3), 2z € C.




Engineered equations

Leading order resolvent problem: Find wug € C? such that:

1 hom
WAX U — 2Up = J;/ f

The first order corrector: Find u; € H#(Y; C?), §

y U1 = 0 such that:

j Asym Vu, : sym Vo = —j AiX uo : sym Vo, Yove Hy(Y;C?).
Y Y

The second order corrector: Find uz € Hy (Y;C?), §

y u2 = 0 such that:

- +2 + , Yve Hy(Y;C?).
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Compute the estimates

o Equation for the error term

f A(symV +iX,y) Uerr : (symV +iX, ) v— zj Uerr 'V = ﬁRerr(v),
Y

[x[?
Vv e Hy(Y;C%),
e Operator norm estimate for the residual

2
_ C[max{l,\z| }

1
Tz Rerr = + max{l, |z .
e Do () {1,103 | 11

(H(Y;C3))*

Let x € Y'\{0} and z € p(ﬁAx) N (2 e Alem). There exists a constant C' > 0,

which does not depend on x and z, such that the following norm-resolvent
estimate holds:

1 -1 -
(gracs) - (gpaem—+tes)
X L2(Y;C3)>H(Y;C3)

< Cmax 1, UL [0l gy o],




© Back to the full space
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Separation of spectrum

19X
T
-
A
[E—) ‘ﬁ;“yi‘
2 po 2 po = po

Figure: A schematic of the contour T, for quasimomentum x € [—pu, 1]3\{0}.
gex 1 {z€C:R(2) >0} - C

gex(2) 1= ("6"2 + 1) - .
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Go back to the correct scaling

Step 1: Estimates on L?(Y;C?). For each x € Y’, decompose the resolvent of
= Ay as follows:

—1

1 -1 1 -t 1
(?AX + 1) =P, (?2“4* + I) P+ (I-P) (?AX + 1) (I-P).

Now fix x € [—u, #]*\{0}. By the Cauchy integral formula with contour T,

1 -1 1 1 —1
P | = 1 P,=——0g. _ _
X (52 Ay + ) X i lffg ~x(2) (|X|2AX ZI) dz,

211
r

1 - 1 1 -
P() (;A;om + Icl}) P() = - §QE7X(Z) <WAiom - ZI) dz.
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Aot = Aoz =

28

a(R,) = Uo(s’ziﬂx)

XY’




Axs

‘Axﬁ

spectral gap

A1 = Aoz =

29

o@e) = Uol(e2a,)

XY’




Norm resolvent estimates

Now, for small x and on the bottom of the spectrum of A, we have:

—1

1 -t 1
P, (?AX + I) P, — (;QA';‘)““ + Ics) Py

L2 L2

1 1 -1 1 -t
< s _ hom — I P
2r fﬁ'ge’X(z)l H(I><2AX - ) (IXPAX - Cg) ’
r

2 -1
3

< Ce.

dz

L2112

But what about:
e Large x?
* The bulk of the spectrum? (I — Py) (L Ay + 1) (I — Py)
e Getting rid of the smoothing operator Z.7 Recall
(Ao — 21) T B = G (52, (S AV — 21e0) T Podx) G
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Norm resolvent estimates

Now, for small x and on the bottom of the spectrum of A, we have:

—1

1 -t 1
Py (gAX + I) Py — (;2,4;‘)"“ + ch) Py

L2 L2

1 1 -1 1 -t
< s _ hom — I P
2r fﬁ'ge’X(z)l H(I><2AX - ) (IXPAX - Cg) ’
r

2 -1
3

< Ce.

dz

L2112

But what about:
e Large x?
* The bulk of the spectrum? (I — Py) (L Ay + 1) (I — Py)
e Getting rid of the smoothing operator Z.7 Recall
(Ao — 21) T B = G (52, (S AV — 21e0) T Podx) G
It all produces an error of order 2!
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o(Ry)

&2 error

a(R,) = U o(e2R,)

XY’
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o
The end

Thank you for attention!
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