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Abstract: We construct an order-sharp theory for a double-porosity model in the full
linear elasticity setup. Crucially, we uncover time and frequency dispersive properties
of highly oscillatory elastic composites.
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1. Introduction

Quantitative asymptotic methods in the analysis of parameter-dependent families of
PDEs, see e.g. [4,25,32,35,64,66], serve as a natural replacement of the classical ad
hoc asymptotic approach, which is known to lead to errors, as pointed out in, e.g.,
[11,12,14,21]. Their key feature is the pursuit of an estimate, in a uniform operator
topology, on the difference between the “exact” (usually inaccessible) solution and its
asymptotic approximation. This problem formulation has brought forth the physically
relevant possibility to account for degenerate problems (such as the “double porosity”,
“flipped double porosity” [16], and thin network [17] setups). The principal goal of the
quantitative analysis is to develop a rigorous mathematical framework for metamaterials
[10,63]. It can be argued, see e.g. the discussion in [19], that generically metamaterial-
like behaviour is accounted for by the “corrector” terms in the asymptotic expansion
[16]. Indeed, if one assumed that the family admitted a “limiting” operator in a strong
enough topology, then the latter must inherit the positive-definiteness of the original
formulation, which would not permit the “negative” effects expected of a metamaterial.
This calls for quantitatively tight asymptotic expansions capturing the key features of
the medium at hand.

In connection with this goal, the operator theory has emerged as a source of powerful
tools, a subset of which is based on the analysis of resolvents. Arguably, the norm-
resolvent topology is indispensable if one seeks to control both the convergence of spectra
and that of (generalised) eigenvectors. Furthermore, the specific choice of topical models
is governed by the established consensus that non-trivial, and in particular metamaterial-
like, properties arise by equipping the medium with an infinite array of small resonators.
In light of the recent advances in the operator-theoretic treatment of boundary value
problems, spectral theory thus assumes a new prominent role. Indeed, for problems
involving resonators as well as heterogeneous thin structures, (rods, plates, shells, and
their combinations—see [9,17,23,24]), the relevant operator-theoretic setup is given by
a parametrised family of “transmission” or “boundary value” problems for PDEs.

In [15,16,18] we proposed to utilise the link (facilitated by the classical Krein for-
mula) between the resolvent and the Dirichlet-to-Neumann (DtN) operator on the inter-
face between the medium and the resonators, to obtain sharp operator-norm convergence
estimates. This has been done in a scalar version of the model commonly known as dou-
ble porosity [2,3,65]. We point out that the idea to use DtN maps can be viewed as
natural in this area, the first example of its application being traceable to [31]. How-
ever, prior to our work [15,16,18,22-24] no attempts were made at employing this
machinery to establish norm-resolvent convergence. In the moderate contrast setting, a
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theory covering a wide class of problems has been known since the beginning of this
century, due to seminal work [4,5]. Up to the publication of the first part of the present
work [16], nothing of the kind has been available for degenerate problems, of which the
double-porosity setup is arguably the most well-studied, as the degenerating coefficients
make the problem considerably more challenging. The results we obtain can be viewed
as running in parallel with those of [4], see Sect.2.3. Also, while we have treated the
whole-space setting, bounded regions can be dealt with in a standard way, as in [49].

Apart from addressing the specific problem of double porosity, we point out several
generalisations. First, although in view of clarity we only treat the prototypical model,
a wide range of similar problems is amenable to the same approach, see e.g. [41].
Second, essentially the same technique with minor modifications, see [17], is directly
applicable to problems with a “geometric” contrast, e.g., elastic networks thinning to
metric graphs [27,28,38,39,50]. Third, via the analysis developed in [20], it transpires
that our methodology leads to an explicit spectral resolution of identity for the operator
describing the effective properties of the medium. Once this is done, scattering problems
in degenerate highly inhomogeneous media come within grasp.

2. Setup and main results

2.1. Notation. For a vector a € C¥, we denote by a;, j = 1,..., k its components.
Similarly, the entries of a matrix A € Ck>k are referred to as Aij, i, j =1,...k,
and sym A denotes the symmetric part of A. The vectors of the standard orthonormal
basis in C* are denoted bye;,i = 1,..., k. Furthermore, for a, b € C*, we denote by
a®b € CF*K the matrix with entries a; b i, and seta © b := sym(a ® b). The Frobenius
inner product of matrices A, B is denoted by A : B := Tr(B*A) where B* stands for
the adjoint of B, and we set [A]| 1= (A : A2,

For an operator A (or a sesquilinear form a) the domain of A4 (respectively a) is
denoted by D(A) (respectively D(a)). We use the notation A for the closure of a closable
operator A, and denote by o (A) (respectively, p(A)) the spectrum (respectively, the
resolvent set) of an operator .A. For normed vector spaces X, Y, we denote by B(X, Y)
the space of bounded linear operators from X to Y. Furthermore, when indicating a
function space X in the notation for a norm || - ||x, we omit the physical domain on
which functions in X are defined whenever it is clear from the context. For example, we
often write || - 72, || - | g1 instead of || - | 2(q.rk)s || * [ 71(q:rK)> kK € N. For the linear
sum of subsets X and Y of a Hilbert space such that X N'Y = {0}, we use the notation
X+Y.

For A, B C Ck, by dist(A, B) we denote the distance between the sets A and B. For
f € L(A), we set (f) := f 4 J and 14 denotes the indicator function of A. Finally,
d;;j denotes the Kronecker delta, and C generically stands for a positive constant whose
value is of no importance.

2.2. Operator of linear elasticity. Consider the “reference cell” Y := [0, 1)’ ¢ R3
(which is without loss of generality for what is to follow), and let Ysorg C Y be a
connected open set with C'-! boundary I such that the closure of Yy is a subset of the
interior of Y and Yiff = Y\ Ysoft- For a fixed period ¢ > 0 of material oscillations, we
are interested in the behaviour of a composite elastic medium with components whose
properties are in contrast to one another. We refer to the component materials as “soft”
and “stiff” accordingly. With this goal in mind, we view R as being composed of two
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Fig. 1. The illustration of a highly oscillating composite material consisting of stiff matrix with soft inclusions
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complementary subsets, the stiff part Qf;. (“matrix”) and the soft complement Qf .

(“inclusions”), see Fig. 1:

Qi =R\ Qe Q= U {eYsofe + 2.

773

We are interested in the approximation properties, when ¢ — 0, of the operator family
(Ag)e=0, where, for every ¢ > 0, the operators A, are self-adjoint unbounded operators
on L?(R3; C3) corresponding to the expressions —diV(AS (x/g) sym V) with domains
DA,) CH L(R3, C3). These operators are defined by the sesquilinear forms

as(u,v) ;= / A®(x/e)symVu : sym Vv, u,ve HI(R3; (C3),
R3

where the tensor-valued function A® represents the spatially varying elastic moduli of
the medium. The properties of the stiff and soft components, modelled by tensor-valued
functions Agifr(soft), are assumed to be in “critical” contrast [65] to each other, so the
ratio between the stiff and soft moduli is of order £ :

Agitr(y), ¥ € Yautr,

1
ngsoft(y): Y € Yooft. M

Af(y) = {
The function A? is defined on the unit cell ¥ and extended to R? by periodicity. We
make the following assumptions about Agifr(soft) -

Assumption 2.1.

e Uniform positive-definiteness and uniform boundedness on symmetric matrices:
there exists v > 0 such that

VIEP* < Aitfsoiy ()E 1 E < vTE]P VEERY ET = Vyev.
e Material symmetries [Aifr(soft) lijrt = [Astittsofty]jikt = [Astitfsofoy Jkzij> 1 J, k.1

e {1,2,3).
e Lipschitz continuity: [Agifrsofy lijit € CO' Fsttrsofty)s i, jo k.1 € {1,2,3}.
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Note that the setting of 2D (“plane-strain”) elasticity, when Yo is a cylinder (and so
Q¢ 4 is a union of unbounded “fibres” parallel to one of the coordinate axes), does not
satisfy the above geometric assumption about Y. but is still covered by our analysis
with minor modifications (cf. Remark 2.10 below), thanks to the said assumption being
satisfied by the cross-section of Y.

We are interested in the properties of the operator A, for small ¢ > 0. Namely,
we would like to obtain asymptotics of the resolvents (A, —zI)~!, as ¢ — 0, in the
L? — L? operator norm. The spectral parameter z € C is assumed uniformly separated
from the spectrum of the operator A, : more precisely, we fix o > 0 and consider a
compact K, C {z € C: dist(z, R) > o} . Weintroduce the following space of functions
supported only on the stiff (respectively, soft) component:

iff (soft) . 2(m3. 3 .
Ly (o) = {f €L (R ; C ) : f=0on Qioft(stiff)}' 2)

Furthermore, we denote by PSUff the orthogonal projection from L?(R3; C?) onto L$Uff,
To state the main result, we define the following operators, which are key components
of the leading-order term of the resolvent asymptotics.

Definition 2.2 (Macroscopic operator). Consider the tensor Apacro € R>3%3%3 de-
fined by

Amacro § 1 = / Astiff (Sym Vug + E) : (Sym Vuy, + 77) )
Sstiff

EneRY ET=¢ 9" =1

where ug € H# (Ystite; R3) is the unique solution (guaranteed by the Lax-Milgram
lemma) to the problem

3)

/ Agiif (sym Vg + &) : sym Vo =0 Vo € Hy (Yairr; RY), / ug = 0.
Yifr

Ysiift

Henceforth H# (Ysier; R?) is the closure of ¥ -periodic smooth vector functions on Yfr
in the H' (Yyigr, R?) norm.

We define the macroscopic operator (the operator of perforated domain) Amacro as
the self-adjoint unbounded operator on L?(R?; C?) corresponding to the differential
expression —div (Amacro sym V) , with domain D(Amacro) € H'(R?, C3), defined by
the sesquilinear form (cf. [60])

Amacro (U, V) 1= / Amacro SymVu : symVov, wu,ve H! (R3; (C3). 4)
R3

We will require the following lemma, whose proof is standard.

Lemma 2.3. The tensor Amacro is symmetric, in the sense that [Amacrolijki = [Amacrol jiki
= [Anacrolkiij» 1, J. k. I € {1, 2, 3}, and positive definite: there exists a constant 1 > 0
such that Amacrof < & > n|&|? forall§ e R¥3, 7 =&,

Proof. The proof is based on a standard extension argument, see e.g. [9, Proposition
3.4]. O
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In addition to the properties highlighted in Lemma 2.3, the leading-order term in the
resolvent asymptotics retains information on the microstructure, via the spectrum of the
“Bloch operator” Agjocn associated with the bilinear form

aBloch (U, V) 1= / Asofe symVu : symVo, u,ve€ I{()1 (Ysoft; (C3)7
Ysoft

as a non-negative self-adjoint operator on L?(Ysofi; C?). Furthermore, we define the
matrix-valued “Zhikov function” B by

o
i\Pk)j ..
B(2)ij = 28i +ZZZM, i,jel,2,3, )
k=1 kT2
where n; < --- < < --- — oo are the eigenvalues (indexed taking multiplicities

into account) and ¢, k € N, are the corresponding (orthonormal) eigenfunctions of
the associated Bloch operator Agjoch, on L2(Ysoft; (C3), and z # ni for all k € N. The
function 55 has appeared in the context of “qualitative” analysis of high contrast (see,
e.g., [13,67]). From this perspective, the results of the present paper can be viewed
as demonstrating how it enters quantitative estimates, with sharp error control, in the
context of elasticity.

2.3. Main results. We will now state the main results of the paper, which provide O (¢)
and O (%) approximations of the resolvent of the operator .A.. When restricted to the
stiff component, the O (¢?) approximation involves a pseudodifferential operator, which
leads to a second-order differential operator at the cost of an O(¢g) correction. The
operator estimates we prove (Theorems 2.4, 2.5) involve certain “approximating” and
“effective” operators Ag"* and Agff, which are described explicitly in Sect.5.3 and
Sect. 6, respectively. The proof of Theorem 2.4 is given at the end of Sect. 5.3, the proof
of claim (a) of Theorem 2.5 is contained Sect. 6, while its claim (b) is discussed in Sect. 7.

Theorem 2.4. There exists C > 0 that depends only on o and diam(K ) such that for
all z € K, one has

[(Ae =27t = OFP (A — 21) T O s ooy iy < CE% (6)

The operator O is an orthogonal projection (see Sect.5.3), and AX® is defined
uniquely on OFPL2(R3; C3) and then extended somehow (e.g., by the zero operator) to
its orthogonal complement.

Theorem 2.5. There exists C > 0 that depends only on o and diam(K ) such that, for
allz € K, :

(a) The “whole-space” homogenisation estimate
_ -1
|(Ae = 27" = O (AT — 21) T O 1 mscny 2wy <€ (D

holds. Here @gff is an orthogonal projection, and Agff is a self-adjoint operator
initially defined uniquely on ®§ffL2(R3; C3) and then extended somehow (e.g., by
the zero operator) to its orthogonal complement.
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(b) The estimate on the “stiff” component
ot _ " o R
[P (A = 2Dy BT P (A= B @) P 2 s = Ce

holds. Here Amacro i the differential operator of linear elasticity with constant coeffi-
cients defined by the form (4) and P;“ff is the orthogonal projection onto the subspace
of L*>(R3; C3) consisting of functions vanishing on the soft component Q% g of the
medium.

For additional discussions about the form of approximating operators in high-contrast
homogenisation and the comparison of the above results to the ones of [4] in the
moderate-contrast setting, see Remarks 6.14, 7.6 below.

One can also extend the claims of Theorems 2.4 and 2.5 beyond K, provided the
spectral parameter z is confined to a bounded region away from the spectrum. Under
this extension, Corollary 2.6 reveals an explicit dependence of the constant C on the
distance of z from the spectrum of the operator .4, and the modulus of z, as follows.

Corollary 2.6. The claim of Theorem 2.4 can be extended to all 7 ¢ o (Ag) U o (AP
and the constant C = C(z) depends on z as follows:

C(z) = Co (1 + (Iz] + D)/dist(z, 0 (Ap))) (1 + (2] + 1) /dist(z, o (AF)))

where Cy is independent of z. A similar statement holds for the claim of Theorem 2.5 (a).

Proof. For the unbounded operators A and 5 on the Banach space X, the orthogonal
projection P that commutes with the operator 5, and z1, z2 ¢ 0 (A) U o (B), it is easy
to check the identity

A-2D'=PB-2D'"P=PB-2D'"PB-aDP(A-zD"
—PB -2 'P)A—uDA-2D7!

+UU-P)YA—z D" A=—z21DA—2D)""
(®)

Notice also that by the functional calculus for a self-adjoint A we have

_ |z2 — z1]
A—zaD(A—-zD™! <l ——
H( 11)( 21) ”X—)X diSt(Zz, U(.A))

Wesetz; =i, A=A, B= AP and P = O in (8) and combine it with Theorem
2.4, where we set z = i, bearing in mind that, also as a consequence of Theorem 2.4,
one has

app s7y—1 2
|| (I - 66 ) (-’48 - 11) ||L2(R3;(C3)—>L2(R3;C3) =< Ce”.
The claim now follows immediately. O

We next discuss implications of the main results for the asymptotic behaviour of the
spectra of the operators A;. It is well known that these have a band-gap structure (see
[65]). Theorem 2.4 and Theorem 2.5 enable us to estimate the gaps in the spectrum of
A, on any compact interval by the gaps in the spectra of A2 and Agff, respectively.
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Corollary 2.7. For every M > 0, one has

dist(o(A) N [-M, M1, o (A) N[—M, M]) < C(M +1)2%e?2,
dist(o(Ae) N [=M, M1, 0 (AT N [-M, M]) < C(M +1)%.

where C > 0 is independent of M.

Proof. Proof. The proof is obtained by setting 7 = iin Theorem 2.4 and Theorem 2.5 (a).
It is well known that for self-adjoint bounded linear operators A, BB on a Hilbert space
X, one has dist (6 (A), 0 (B)) < ||A— B||x_ x, see e.g. [34]. Furthermore, noting that

G((Ag + I)_l) = {(A +D7liae J(Ag)},

o (OFP(A®P + 1) 'O = [+ 1)7! 1 4 € 0 (APD)),

o (@ (AT + 7)o = (G + D7 1 h e o (ATD),
the claim follows from the fact that for arbitrary A, u € R one has

h—pel = et 1]|Gor DT = et D7 = QD+ D |G DT = e D7 B

Remark 2.8. By combining Corollary 2.7 and 2.6 one can make the constant C = C(z)
in Theorem 2.4 and 2.5 dependent only on |z| and dist(z, o (A)), i.e. only on |z| and

dist(z, o (AP (eff))). Also, an explicit numerical value for C > 0 in Corollary 2.7 and
2.6 that corresponds to z = i in Theorem 2.4 and 2.5 can be provided.

Remark 2.9. Throughout the paper, we work on the “resonant” case of the scaling be-
tween the period & and the contrast §, namely, § = &2, cf. (1). One can consider other
scalings, for which either e728 — 0 or 728 — oo. For the qualitative analysis of
these regimes, see [65]. The analysis we develop in what follows can be extended to
cover these cases—this will provide quanitative counterparts of the mentioned results
of [65], which we will address elsewhere. The method we develop in the present paper
can be used, subject to additional modifications, to reveal the resonant nature of the case
8 = &2 and, more generally, show how the norm-resolvent asymptotics depends on the
asymptotic behaviour of £ ~28. From the physics point of view, the resonant behaviour
in the critical regime is due to wavelength on the inclusion (at a given frequency) being
comparable to the size of the latter.

2.4. Gelfand transform. The purpose of this chapter is to decompose the original differ-
ential operator into a family of differential operators with compact resolvents that act on
functions defined on the unit cell Y. This is carried out in a standard way by the Gelfand
transform.

The Gelfand transform G is defined on L2(R3; C3 ) by the formula

Gu)(y, x) = Qm) Y e X OMu(y+n), yeY, xeV,

neZ?

where V' = [—m, 71)3. (As noted above, without loss of generality we assume that
Y = [0, 1)3. Lattices with other periods can be treated by the same analysis with minor
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modifications — the associated “Brillouin zone” Y’ is then adjusted appropriately.) The
Gelfand transform is a unitary operator:

[$)
Gg: LZ(R3; (C3) — L2(Y’; L(Y: (C3)) =/ L2(Y; C3, X)dx,
Y/

in the sense that (u, v) 23,03y = (Gu, Gv) 2y 12(y.c3y) forall u, v € L2(R3; C3).
A function can be reconstructed from its Gelfand transform as follows:

u(x) = 2m)="? /

XN (Gu)(x, )dx, xR
Y/

For an overview of the properties of Gelfand transform in relation to homogenisation
problems, we refer to [4].

In order to deal with the setting of highly oscillating material coefficients, we consider
the following scaled version of Gelfand transform. For a fixed ¢ > 0 and all u €
L2(R3; C3), we set

e

3/2 )
G 0= (=) X e O uleram), ye¥, xev
ne’z?

Note that G, is a composition of G and the unitary scaling operator S, : L*(R?; C?) —
L?(R3; C3) defined by

Seu(x) := & *u(ex), ue L*(R% C3).
It follows that G, is also unitary, i.e.
(u, v) 23,3y = (Gelt, GeV) 12y, 2(v:c3)) YU,V E L2(R3; (C3).

The original function is recovered from its Gelfand transform by the formula

u(x) = (2718)_3/2/

e XX/ (Gou)(x /e, x)dx. 9)
Y/

Also, by noting that for the scaled Gelfand transform of a derivative of u € H 1 (R3; C3 )
one has

Ge (O, u) = g—l(aya (Gett) +ixa (gsu)), a=1,23,
we infer that
Ge (symVu) (y, x) = s—l(sym Vy (Geu) +1isym ((ggu) ® X))
= e '(symV, (Gew) +iX, (Gew)), (10)

where the for each x € Y’ the operator X, acting on L%(Y; C3) is defined by

X1u1 %(X1u2+xzu1) %(X1u3+X3M1)
2(y. 3
Xyu=u0y=|30nur+xu) x2u2 TOsua + xouz) | . we L (v CY).
%(X3u1 + X1u3) %(X3M2+X2u3) x3u3
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Remark 2.10. Note that in the setting of 2D elasticity the operator X, takes the form

1

> +

Xyu= |:1 X141 2O qul):|, ueLz(Y; (Cz).
5(X1ua + x2u1) Xouz

It is straightforward to show the existence of C, C> > 0 such that that

Crlx Nl 2.3 < X yull2y oo < Calxlllull ey Yu e L2(Y: C).
(11)
Denote by H# (Y; CH, H,%(Y; C3) the spaces of Y-periodic functions in H'(Y; C3),

H2(Y; C3), respectively. We use similar notation when Y is replaced by Y. For
Gelfand transform G, one can show [37] that

ag(u,v) = [ Eizax,s(gsu» Gev)dy,
Y/
where
aye(u,v) = / Af(symV +iX,)u : (symV +iX,)v, u,v e H#(Y; (CS). (12)
Y

For each x € Y’ and ¢ > 0, we introduce the self-adjoint operator
Ay e = (symV +iX,)*A(sym V +iX,) : D(A, ) C Hy (Y; C*) — L*(v; C°)

associated with the positive definite form a, .. Here we use the notation (-)* for the
formal adjoint of the operator. Applying the scaled Gelfand transform to the resolvent
yields

23} —1
(A, —zD)7 ' = gg—l (/;/ <€%AX,S — ZI) d)() Ge, z€p(Ap), (13)

which is an example of the classical von Neumann direct integral formula. Due to the
compactness of the embedding H# (Y;C¥ <« L%(Y;C%, the resolvents
(8_2.,4)(“€ —zl )_1 are compact. We interpret (13) as follows: by applying the Gelfand
transform to the problem, we have decomposed the resolvent operator (A, — z/) ™! into

a continuum family of resolvent operators (e’zAX,s - z[)_1 indexed by x € Y. In
contrast to the original resolvent operator, this family consists of compact operators,
which have discrete spectra.

For each ¢ > 0, the x-fibre (x € Y’) resolvent problem for A, consists in finding,
for a fixed z € p(Ay,¢) and every f € L2(Y, C3), the solution u € D(A, ) to the
equation (s 2 A, . —zl)u = f.

Remark 2.11. (Transmission boundary value problem) The equation

(3_2Ax,e - ZI) u=f
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can be formally recast as follows: find u ;s € Hﬁ (Yaitrs C), ttsore € H*Yeoft, C) such
that

g2 (sym V+ iXX)* Agtifr (sym V+ iXX) Ugiiff — ZUstiff = f on Ygiff,
(symV +iXy )" Agope (symV +iX ) tsoft — ZUsoft = f on Yyoft,
Ustiff = Usoft onl,
e 2 Agifr (symV +iX ) ugifr - Rgiifr + Asoft (sym V +iXy ) tgoft - Rsoft = 0 on {1,4)

where ngifr, Rgofe denote the outward-pointing unit normals to I" from Ygigr, Ysofi- The
question of making this reformulation rigorous is that of regularity of functions in the
domain of A, .

The above regularity question can alternatively be framed in terms of the solution
u e H#} (Y; C3) to the weak formulation of (14):

ax,a(u,v)+fu.5=/yf.i Vv € Hi(Y; C3). (15)

It is then tempting to interpret the problem (14) via understanding its first two equa-
tions

in the sense of distributions, the penultimate equation in the sense of equality in
H'/2(I"; C3), and the last equation in the sense of equality in H~'/2(I"; C*). How-
ever, even this interpretation calls for some caution, in view of the moderate regularity
assumptions made in Sect. 2.2 about the coefficient tensors ASIT°f and interface T

We do not address the H? regularity in the present work, as it has no bearing on
our results. As the formulation (14) is often preferred in the engineering community, at
presentits link to the operators A, . is an open question, to which some of the machinery
of [45] may be relevant.

We note however that, in the infinitely smooth (i.e., C* coefficients and interface),
the above regularity question was settled positively in [54]. Under the assumptions we
made in the present paper (see Sect.2.2), the results we present below can be shown to
yield at least H3/? regularity. In other words, the weak formulation (15) is shown to be
equivalent to looking for ug;fr € Hi / 2(Y Stff» (C3), Usore € HY/ 2(Y wofts C3 ) such that (14)
holds.

3. Operator-Theoretic Approach: Ryzhov Triples

The purpose of this section is to introduce an abstract framework for the transmission
problem (14). In Sect. 3.1 we recall a general construction due to Ryzhov [52], while in
Sects.3.2, 3.3 we show how the problem (14) can be seen as part of this construction
and prove key properties of the operators emerging in the process.

We start by introducing some basic objects required to work with Ryzhov triples, an
operator framework convenient for the analysis of boundary value problems for PDEs.

3.1. Abstract notion of a Ryzhov triple. The concept of a Ryzhov triple was introduced
in [51,52]. The main results of this section are Theorems 3.12, 3.13, which provide
an operator-theoretic formula for the solution to an abstract spectral boundary value
problem.
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Definition 3.1. Let H be a separable Hilbert space and £ an auxiliary Hilbert space.
Suppose that:

e Ay is a self-adjoint operator on H with 0 € p(Ap),
e I1: £ — H is a bounded operator such that D(Ag) N R(IT) = {0}, ker(IT) = {0}.
e A is a self-adjoint operator on the domain D(A) C £.

We refer to the triple (Ao, IT, A) as a Ryzhov triple on (H, £). Typically, in the context
of boundary value problems for PDEs (including that of the present paper), Ag is the
operator of the Dirichlet problem, IT is the analogue of the harmonic lift operator, in
which case A is the analogue of the Dirichlet-to-Neumann map.

Following [52], we introduce the following objects.

Definition 3.2. Let H be a separable Hilbert space, £ an auxiliary Hilbert space, and
(Ag, T1, A) aRyzhov triple on (H, £). Define the operators A, [y, '] on H as follows:

D(A) = DAYHIE), A:AJ'f+Tg—> f, feH gek,
Do) :=D(A)HI(E), To: A, f+Ng—g feH gek,

D)) := D(A)HI(D(A)), Ty Ay f+Tg — " f+Ag, feH geDA).
(16)
We say that (A, g, ') is the boundary triple associated with the Ryzhov triple
(Ag, T1, A). Typically, in the context of boundary value problems for PDEs, A is the
so-called “maximal” operator, I'g is the Dirichlet trace operator, and I'y is the Neumann
trace operator.

Notice that, by definition, we have
Ag =TIlg Vg e D(A), H*f:FlAalf VfeH. (17

In what follows, we will consider the case when Ag is an (unbounded) differential
operator, and the operators I'g and I'; assume the rdles of the trace of a function and
of its co-normal derivative on the boundary, respectively. The next result is then well
expected and can be found in [52].

Theorem 3.3. (Green’s formula) Let (Ao, 1, A) be a Ryzhov triple. Then for the asso-
ciated boundary triple (A, Tg, T'1) the following identity holds:

(Au, v)py — (u, Av)y = (Ciu, Tov)e — (Tou, T1v)g
Yu, v € D(Ag)+I1(D(A)). (18)

Definition 3.4. Suppose z € p(Ag). Define the operator S(z) mapping g € £ to the
solution u € D(A) = D(I'y) of the spectral boundary value problem

Au = zu, Tou = g.

The operator-valued function M (z) defined on D(A) by M (z) V= I"1S(z), is called the
Weyl M-function of the Ryzhov triple (A, IT, A).
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In [52] the following formulae for the operators S(z) and M (z) were proven (z €
0 (Ao)):

S@)=(I—z47")7'"M, M@ =T(1-zA;") 7' (19)
Note also that
(1 —2A) = 142y (1= 24 = T+ 2(Ag— 2D 7, (20)

and therefore
S(z) = M +z(Ag — zI) "I 1)

The next proposition lists key properties of the M-function.
Proposition 3.5 (Properties of the Weyl M -function).
e The following representation holds:
M(2) =A+ZH*(1—ZA51)_11'I, z € p(Ap). (22)
e M(z) is an operator-valued function with values in the set of closed operators on €
with (z-independent) domain D(A) such that M (z) — A is analytic.
e For z, & € p(Ag) the operator M(z) — M (&) is bounded, and
M(z) — M(E) = (z— &) (S@)* S(&).
o Foru € ker(A — zI) N {D(A)+ITD(A)}, the following formula holds:
M(()Tou = T'1u. (23)
Remark 3.6. In the case when the operators I'g and I' represent the trace of a function

and the trace of its co-normal derivative, the formula (23) clearly reveals the M-function
M (z) to be the DtN map associated with the resolvent problem.

Remark 3.7. Due to the fact that D(M(z)) = D(M(z)*) = D(A) independently on
z € C, one can define the operators

(M (z) =27 (M) + M()*), SM() = Q) (M) — M)

on D(A). Note that by (22) and the fact that A is self-adjoint, one has M (z)* = M (2),
and therefore

IM(z) = i) Y (M) — M2)*) =3z(5() S @),
SM(2) =3(M () — A) =3(M(z) — M(0)). (24)

Remark 3.8. It is clear from (22) and (20) that
M(z) = A + zIT*IT + 2°T1* (Ao — zI) 1. (25)

This formula will prove to be one of the key elements in deriving the asymptotics, as
& — 0, of the resolvents (E’ZAX,S — zl)_1 of the operators A,  introduced in Sect. 2.4.
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One can characterise a wide class of densely defined closed restrictions of A to be
the operators Ag, g, associated with the spectral boundary value problem Au — zu = f
subject to an abstract Robin-type condition

(BoTo + BiT'1)u =0, (26)

by varying over the choice of the operators Sy, 1 on £. The rigorous definition of the
extension operators Ag, g, is postponed to Theorem 3.13. Note that Ay is then the self-
adjoint restriction of A corresponding to the choice 8y = I, 81 = 0. However, in order
to clarify the meaning of (26), it is necessary to make additional assumptions on the
operators By, B, e.g., as follows.

Assumption 3.9. The operators S, B are linear in £ and such that D(8p) D D(A) and
B is bounded on £. The operator By + B1 A, defined on D(A), is closable in £. We
denote its closure by B.

Under the above assumption, the operator o+ 81 M (z) is also closable. The condition
(26) is shown to be well posed on a certain Hilbert space associated with the closure of
Po+pBi1AIn€.

Definition 3.10. Consider a separable Hilbert space H, an auxiliary Hilbert space &,
and suppose that (A, I1, A) is a Ryzhov triple on (H, £). Suppose also that By, 81 are
linear operators on £ satisfying Assumption 3.9. Consider the space

Hpopr = D(A)HT(D(B)) C {Ay' f+Tig: feH, ge&l

equipped with the norm

1/2
[ A5 f + gl , = (115 + gl +1BelE)

|Hﬁ01ﬁ1
The following lemma is proved in [52].

Lemma 3.11. The space (Hg, g,, Il g, p,) is a Hilbert space. The operator Bol'o +
11 : Hp, p, — & is bounded.

We are now in a position to assign a meaning to the abstract spectral boundary value
problem and establish its well-posedness.

Theorem 3.12. Suppose that z € p(Ag) is such that the operator By + B1 M (z) is bound-
edly invertible in £. Then, for given f € 'H, g € £, the unique solution u € Hpg, g, to
the spectral boundary value problem

Au—zu=f, (BoTo+BiTi)u=g,

is provided by the formula

w= Ao~z f+ (I —2Ay) ' Bo+ BIM@) (g — BT (1 —2A5Y) ' f).
@7

By setting g = 0, the formula (27) defines the resolvent of a closed, densely defined
operator in H that is a restriction of A.
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Theorem 3.13. Suppose that z € p(Ag) be such that the operator By + 1 M (2) defined
on D(B) is boundedly invertible in £. Then the operator Rpg,. g, (2) defined by

R, (2) :=(Ag — 21" = (I — 2A5) " 1 (Bo+ BIM @) " 81 (* (1 — 245" ™)
=4y -z =S (Bo+ BIM() " B1S* D).
(28)

is the resolvent (-Aﬂo,ﬂl — zl)_1 of a closed densely defined operator Ag, g, in H such
that

Apgy.p C A, D(Ag,.p) C ker(ﬂoro + ,311_'1).

Remark 3.14. Notice that the pointwise nature of Theorem 3.12 with respect to the
parameter z yields the same formula (27) under an even more general assumption that
the operator 81 depends on z, see also [26].

Remark 3.15. Corollary 5.9 in [52] states that if A is boundedly invertible then the map
M (z) is also boundedly invertible for all z in the complement of the set o (Ag) Uo (Ag ).
In the case that we will analyse below, the operator A will be boundedly invertible for
all non-zero values of quasimomentum .

3.2. Operators associated with boundary value problems. In this section we introduce
some operators required to reformulate the transmission value problem (14) in the context
of the abstract theory of Ryzhov triples. First, we define the spaces

H:=L2(Y;C3), &:=L*T;C3,
R = L2 (Vs ©), HOM = L2 (Yors ©).
Note that we can identify 71TV with the following spaces:
HUT =y e L2(Y; C%), u=0onYen}.
Hsoft = {ue L2(Y;C%, u=0o0n Yifr}-

We also define the associated orthogonal projections Pyof; : H +—> HOM Poisr - H >
HSUT 5o the following orthogonal decomposition holds:

H = Pt H ® PeigeH = H™T @ 1T, (29)
3.2.1. Differential operators of linear elasticity Relative to the decomposition (29), we

define self-adjoint operators Agﬁi;f, Aa‘f? on the spaces H*Uff, {5t respectively, by the
sesquilinear forms

agfiif(u, V) = / Agier(symV +iX,)u : (symV +iX,)v, u,ve€ D(agfif),

Ysiit
a(s)f’;t(u, v) = Asot (symV +iX,)u : (symV +iX,)v, wu,v € D(a(s)f’)f(t),
Ysoft
D(ad’)) := {u € Hi (Yirr: C). ulr = 0}
0,x/) * # stiffs ) r )

D(ay’M) == {u € H' (Yoori: C*). ulr = 0}.
(30)
The following basic property is easy to prove.
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Proposition 3.16. The forms agti;f(wﬂ) are uniformly coercive, symmetric and closed.

Proof. Due to Assumption 2.1, there exist y-independent constants C1, C2 > 0 such

that 5
Ci ” ( symV + IXX) u ” L2 (Ygiift (soft); C3%3)

< a((f;i(ff)wﬁ(u, u) < C | (symV+iX,)u ||iz<
Yu e D(a((ft)i(ff)s‘)ft).

Furthermore, by Proposition A.9 (see the Appendix), there exists a x-independent
C > 0 such that

Yaift softy ; C3*3)

(stiff)soft 2 (stiff)soft
%o.x (u,u) > C”u||H1(Ysurf(soft):(c3) Vu € D(QO»X )’
so both forms are uniformly coercive. |
Clearly, the operators A(S{i)f(f(som correspond to the differential expressions
(sym V +iX ;)" Agitrsory (sym V +iX, ) on Rt of) 31

subject to the zero boundary condition on I'.

3.2.2. Lift operators Here we introduce the lift operators required for the analysis of

boundary value problems via the Krein formula. First, we introduce classical lift op-

erators ﬁ;ﬁff(som as the operators mapping g € H'/>(I"; C?) to the weak solutions

uc H,i (Ystitr (soft) ; C3) of the boundary value problems
( symV + iXX )* Agtiff(soft) ( symV + iXX) u =0 on Ygiff(soft) (32)
u=g onl', wuisY-periodic (in the case of Ygf).

As a consequence of Proposition A.9, the following statement holds.

Proposition 3.17. For every x € Y’ the problem (32) has a unique weak solution. The

associated operator ﬁ;ﬂﬁ(mﬁ) is bounded and there exists C > 0 such that for all

x €Y', ge H*I; C? one has

T stiff (soft)
”Hx g||H1(Ystiff(soﬂ)§(C3) =C ||g“H1/2(F?C3) ) (33)

Proof. The proof uses the classical approach that involves rewriting the problem (32)
with zero boundary condition and non-zero right-hand side and using Propositions A.4,
A9. O

We next introduce specific realisations l'I;Uff(SOﬁ) of the abstract lift operators IT (see

Sect. 3.1), natural for the problem at hand, by their adjoints E5 " “°

pair of inner products (-, -)pysittoty and (-, -) £, namely

with respect to the

H;tiff(soft) SE s Hstiff(soft)’ (l—[;tiff(soft)g’ f)Hsliff(sofl) — <g7 E;tiff(soft)f>g.
We use the following definition:

_astiff(soft) (A(s)t’i)f(f(soft))fl j(tiff(soft) :Hstiff(soft) - &. (34)

)
=. o
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stiff (soft)

Here 0, is the trace of the co-normal derivative

SN gy = (Agitr(sofoy (Sym V +1X, ) - Bt (sofy |-

fE stiff (soft) =~ stiff (soft) .
=X

The adjoints o coincide with the closures of IT
L?(I"; C3). Indeed, we have the following theorem.

in the space £ =

Theorem 3.18. The operators E;tiff(som defined by (34) are compact. Their adjoints

Hi(nff(som are (compact) closures in € of the classical lift operators ﬁ;ﬂﬁ(som, and (cf.

Definition 3.1)
ker(l‘[iﬁff(s"ft)) = {0}, (Astltf(soft)) n 'R(Hitiff(wft)) = {0}. (35)

Proof. Proof Due to results on elliptic regularity, under Assumption 2.1 the operators

(.Asnff(som ) are bounded from HT M to 2 (Qifr(soft; C°) by Lemma A.17. Thus,

E Snff(mft) is bounded as an operatorto H'/2(I"; C3).

_ stlff (soft)

using the trace theorem, we infer that E

Due to the compactness of the embeddmg HY2(T: C3) < &, itfollows that E

compact.! Next, one can easily verify by integration by parts that for g € H'/ 2(F ; (CS),
f e Hstiff(sofl) one has

= stiff (soft stiff (soft) (4 stiff(soft)y—1
<H§(1 (50 )g’ f)Hstiff(soft) = <g7 _8131 (90 )(AOJ( ) f>g’

and hence
stiff (soft) __ Tystiff(soft)
Hx |H1/2(r c3 — Hx :

Proceeding to the proof of (35), note that all g € & satisfy
(symV +iX,)" Asitrsotty (sym V +iX, ) T T g — 0

in the sense of distributions. Provided l'Isnff(SOm € D(.Asntf(s‘)ft)) one then has, for all
LS Cc (Ystiff (soft); c3 ),

0= / A0 ot g
stiff (soft)
= f Asgiift(softy (sym V +1X, ) IITCM g+ (sym V +iX, ) v
Ysllff(soft)

- / TN g - (sym V +iX, )" Aitrsory (sym V +iX ) v
Ysiise (soft)

from which it follows immediately that Hsnﬁ(som g = 0. This proves the second property

in (35).
To prove the first property in (35), choose an arbitrary g € H'(I'; C*) and let
uecH Z(Ystiff(sof[); C3) be such that

guffoly | = —g w|p =0, wis Y-periodic.

1 By following the argument of [33], it can be shown that not only ESffOf) are compact, but they also
belong to certain weak Schatten—von-Neumann classes.
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The existence of such u is guaranteed by the Lemma A.19. Now, denoting
[ = (symV +iX,)" Agitrsory (sym V +iX ) w € HHTCM,

it is clear that g = E‘}tiff(som f, and, due to the density of H L(T; C3) in &, we conclude
that

. S ——
ker(l’I?lﬁ(SOﬁ)) = R(E?lﬁ(som) = {0}. O

stiff (soft) =~ stiff (soft)

Henceforth, we will be using the notation IT, also for the operator IT,
as it will always be clear from the context Wthh one we are referring to.

A more precise statement than that of Theorem 3.18 is available, although we do not
use it in what follows—as it is of independent interest, we include it next.

Theorem 3.19. The operators E;ﬁff(mft) are bounded from H3T 1o H1/2(T), and

the their adjoints l‘[mﬁ(wﬁ) are bounded from L) to HY/ Z(Ystiff(soft)).

ot Stlff (soft) stiff’ (soft)

Prouf The claim pertaining to the operators E
is verified in the proof of Theorem 3.18 above
Passing over to the operators I"stﬁff(som , firstnotice that by Sobolev duality ( E;ﬁff(wﬂ))*
admit bounded extensions to operators acting from H~1/2(I") to HTo The claim
now follows by linear interpolation [62] between this fact and the boundedness of
l'[;ﬁff(mﬂ) as operators from H 12(ryto H! (Ysiift(sofr) ), established in the estimate (33).
O

, which are the adjoints of IT,

3.2.3. Dirichlet-to-Neumann maps Here we introduce specific realisations A5 ™ of

the operator A (see Sect.3.1) and prove their self-adjointness. The main result of this
section is Theorem 3.20.

We begin by noting that, due to the elliptic regularity, under Assumption 2.1 one can
define the operators [1]

K;tiff(soft) . H3/2(F; (C3) N H1/2(1—~; (C3), Astlff(soft)g 8st1ff(s0ft)
whereg € H 3/2(r; C3) and u is the unique solution to (32). Notice that as a consequence

of Lemma A.17 we have

| AT g 123y < Clg e racs),s (36)

where the constant C is independent of .

Theorem 3.20. The operators A‘“ff“oft)

stlff (soft)

can be uniquely extended to unbounded non-
on & withdomains D( Stlff(mﬁ)) = H\(I'; C3).

iff (soft
Furthermore, A}U (soft) have compact resolvents.

positive self-adjoint operators A,

Proof. The first step consists in obtaining a larger extension of the operator A5

for which the desired operator A% ™ is simply a restriction onto H!(T"; (C3). The

second step is to show that this restriction is, in fact, self-adjoint. For this, it suffices
to show that the restriction is symmetric, and that the resolvent set of the restriction
contains at least one real number, for example the unity.
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We begin by taking g € H>*(I'; C3), h € H'/>(I'; C?) and considering the so-
lutions u € H Z(Ystiff(sof[); CHh,ve H l(YStiff(sof[); C3) to the problem (32) such that

stiff (soft)
IT,, g, v

U= = Hi(“ff(somh. Using Green’s formula, we obtain

/ Rsiffon g,
r
=— / Agiii(sofyy (sym V +iXy ) u: (symV +iX,) v
Ystiff(snﬂ)

= —/ Agiiff (soft) (sym vV + iXX) l'[itiff(somg : (sym Vv + iXX) l'[itiff(somh.
Yiift (soft)

37
It follows that K;ﬁff(som g defines an element of H~1/2(I"; C3). Due to (33), the bo(unc:
||Ki([iff(SOft)g||H,1/2(1—;C3) < Clighugirr:c3 - (38)
holds with C independent of x € Y’. In particular, we can define a unique bounded
extension
K;tiff(soft) : Hl/Z(F; (C3) N H—l/Z(I—-; (C3), Kiiﬁ(wﬂ)lmﬂ(r;@) _ X;tiff(soft)'
Since (H'(I"; C?), L?(I'; C%)) is an interpolation pair [36,62] with respect to the pairs

(H32(r; C3), HY/2(I'; €3)) and (HY2(T; C3), H~Y/2(T; C3)), we conclude that

K;ﬁﬁ(som is bounded as an operator from H'(I'; C) to L*(I'; C*) and denote by

A;ﬁﬁ(som the restriction of K;nff(som to H(I"; C3).
Proceeding to the second step, we prove that A;nff(wﬂ) is self-adjoint as an un-
bounded operator on L3(I"; C?) with domain D(A;nﬁ(son)) = H(I"; C3). Notice that

A;ﬁff(som is non-positive and symmetric. Indeed, as a consequence of (37) holding for

g € HY*(I'; C%), h € H'/*(I"; C?), one has
/F Asxntt(sott)g . h
== [ Ao (sym ¥ +1X,) TN g (sym ¥ i) T
Ystiff(soﬂ)

Vg, h € H\(I'; C7).

To prove self-adjointness of Ai(ﬁff(som, it suffices to show that p (A;ﬁff(s‘)ﬂ) YNR # . We

claim that (—A;ﬁff(mﬁ) + D~V L2 ©3) — HY(T; C?) is bounded. To see this, first
assume that h € HY*>(I'; C3) and seek the solution g € H3/2(I"; C3) to the problem
—A;nﬁ(son)g + g = h. This is equivalent to seeking u such that

: (symV +iX )" Agitrsoto) (symV +iX ) u = 0 on Yyt (soft): (39)
9

Stiff (sof
3“ (ofy 4 gy = h, onI"

in the weak sense, and then setting g := u|r. Invoking Lemma A.16 for the existence
and uniqueness of such a solution, we thus obtain an operator

(_A;tiff(soft) + [)71 . HI/Z(F’ C3) N H3/2(F, C3)
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. stiff (soft . GfF (soft
Second, consider the form a " ™ defined by the same expression as agy o) “see

(30), but on the domain D(a gtlff(wﬂ)) := H,} (Ysifi sofy; C*). Applying Korn’s inequality
(see Proposition A.9) to the weak form of (39), namely

a)s(tiff(soft)(u’ I)) +/

u-v= f h-v Vve Hl(Ystiff(soft)§ C3),
r I

where we set v = u, we obtain the apriori estimate ||u”H1(Ysurr<soa);C3) <C ||h||H—1/2(r;<C3) .

Therefore, the resolvent (— Amﬁ (soft) | 1 )~ ! can be extended to a bounded operator from

H~Y2(; C3) to HY(T; (C3). Using an interpolation argument once again, we con-
clude that (— Amff(mﬁ) +1)~! is bounded from L2(I"; C3) to H!(I"; C3) and is therefore
compact as an operator on L(I'; C?). Thus, unity is in the resolvent set of Amff(wﬂ)
|

Remark 3.21. Notice that as a consequence of the linear interpolation theory (see, e.g.,
[36,62]) as well as the bounds (36), (38), we have

AT e sy < Cllgllgi ey Ve € H(T5CY), (40)
where the constant C does not depend on .

Applying the Ryzhov triple framework (16) to the lift and DtN operators provided
by Theorems 3.18, 3.20, we define the operators A5 Fi“;fiwﬂ) anff(som In par-
ticular, one has

I«(S)U;f(sof[) —u | r Yu e H,% (Ystiff(soft); (C3) + H;tiff(soft) (HI/Z(F, (C3)) , (41)

Fitl)f(t(sott) 8suff(soft) \1‘ Yu e H,f%(Ystiff(soft); (C3)’ 42)
ATy = (symV +iX, )" Agitsory (sym V +iX ) u
Vu € Hi (Ysitt(sofoy: C°). “3)

stlff (soft) and Asti ff (soft)
X

(For clarity, we note that the domains of the operators I'} are wider

than the indicated spaces.)

An alternative approach to defining the operators Agtlft (soft , which we do not pursue

in the present paper, can be developed under weaker assumptlons on the regularity of
the domain (e.g., that it is of class C%1) and the tensor Agiifr soft) (€.g., that its entries
are in L (Yyifr(softy)) by considering the sesquilinear forms

)L;tiff(soft) (g.h) = a;tiff(soft)(l-[;tiff(soft) g, Hi{tiff(soft) h) g he H2T:CY). 44)

For each x € Y/, the form )L;ﬁff(som (g.8), g € H'/2(I"; C?) is non-negative and
ounded above (Proposition 3.17). Hence, A5, (-, -) + (-, -) g, is an equivalent inner
bounded above (Proposition 3.17). Hence, A511 ™ (. )4 (., )¢ is an equivalent i
product on H'/2(T"; C3). For every f € & the mapping H'/>(I'; C?) 3 v = (f,v)e
is a linear bounded functional with respect to this inner product. The Riesz represen-
tation theorem now yields the (non-positive) self-adjoint operator Amff(wﬂ) & D

D(A;(nff(mft)) — & such that

<(_A;tiff(soft) + [)g’ v)g _ )Li(tiff(soft)(g’ v) 4 (g, v)g
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Vg e D(A;tiff(som), ve HY2(T; C3).

This approach to defining DtN maps allows us to relax the regularity assumptions (on
the boundary and the operator coefficients). However, as a result, we lose the information
on the domains of these maps. In particular, one no longer has D(A;“H) = D(A;"f‘) =

H'(I'; C%) as in the Theorem 3.20.
stiff (soft)

The eigenvalues and eigenfunctions of DtN maps A are usually referred to
as Steklov eigenvalues and eigenfunctions, respectively.

3.3. Transmission problem: reformulation in terms of Ryzhov triple. The decoupled
operator A, ¢ is defined by

Aoye = Agy @2 A L D(Aoye) = D(ATY) @ DIAG).

relative to the decomposition (29). Equivalently, its form is given by

ao y.e(u, v) = / Af(symV +iX,)u : (symV +iX,)v,
Y
u,v€D(ag,y,e)=f{ue H#(Y; C3), ulr = 0}.
We also define the coupled lift operator by
HX . 5 N HSOft @ HStiff’ l—[Xg = H;Oftg @ H;(tiffg’ g c ((/’

From Theorem 3.18 we have ker(IT,) = {0}, D(Ao,y,.) N R(IT,) = {0}. In order
to describe the condition of continuity of normal derivatives of (14), we introduce the
operator Ay , 1= 8_2A§(“ff + A;Oﬁ.

Both Aj(‘iff and A;Oﬂ are self-adjoint on the common domain H'(I'; C?) and non-
positive. Therefore, the operator A, . is self-adjoint on D(A, () = H 1(1"; (C3), see
Theorem A.3.

Thus we can define the “coupled” Rhyzov triple (.A(), xoes Ty Ay, 5) associated with

the transmission problem (14). Note that, while the operators A8 and A" are used
to calculate the normal derivative on the boundary I', the map A, . instead yields the
jump on I' from the conormal derivative on the soft component to the scaled conor-
mal derivative on the stiff component. We also introduce the transmission operators
Ay e, T0 5, T'1,y,¢ associated with the above triple. Clearly, we have

—2 stiff ft
Ciye=¢ F?QIX Pyitr + F??X Psott-

Based on the above boundary triples, we use Definition 3.4 to define the following pairs
of solution operators and M -functions:

(S;tiff(z), M;tiﬁ(z)), ze p(A(S)U;f)’ (S;Oft(z), ]‘4)s(oft(z))7 ze /O(AE)O;C(t),
(Sx.6(2)s My £(2), z € p(Aoy)

Obviously, one has

Sye@ = SN2 + 85T (e%2), My e(2) = MM (@) +e 2 MM (22), 2 € p(Ay e 0)-
(45)
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In the context of introduced boundary triples, the transmission problem (14) can be
formulated as finding u € D(A, ) such that A, ;u —zu = f, 'y, .u = 0. The
corresponding solution operator is given by the “Krein formula”

-1 _ _
Rye@) = (Aoye =21) " = Sye@My ()™ Sy.c @, (46)
and we know it to be the resolvent of a closed extension (AX, 8) 0.7 OF Aoy e

Remark 3.22. Notice that the continuity condition s (y) = usor(¥), y € I, is built
into the domain of A, .. Namely, let u € D(A, ;) = D(Ag,y,e)+I1,(€). Then

0. - iff \—1 .
u= .Ao,l(,z?f +1l,8 = ((s ZA(S)El)t(t’s) Pige f + H;tlffg)
—1
® «AB?QS) Proit f + H?(Oﬁg ) =: Ugitf D Usoft,
d Fstiff . o I‘Soft
and 1oy (usiifr) = g = Oux (Usoft)-

Thus, the domain D(A, ) contains pairs of functions whose traces coincide on I',
and the operator I'g , maps such pairs to this common trace.

Remark 3.23. In order to see that (AX,S)O ; corresponds to the operator defined by the

sesquilinear form a, . given by (12) (cf. Remark 2.11), one can use the following
observations:

e Both operators are self-adjoint. (For the self-adjointness of (A, ), 71, see [52] Corol-

lary 5.9.)
e The resolvent problem for the operator defined with the form a, , admits the fol-

lowing weak formulation: for f € LZ(Y; C?), findu € H,} Y, (C3) such that
f A®(symV +iX )u : (symV +iX,)v —z/ uv = / fv, Vve H,f(Y; (C3).
Y Y Y

Actually, the test functions can be taken to be in H# (Y; (C3).

e In order to conclude that the resolvent problem for the operator (A, ¢)o.; is also
given by the above formula, one considers the problem of finding u € D((.AX, £)0, 1)
such that

<((AX;5)O»[ — ZI)u, v)Lz(y;Cg) = <f, v>L2(Y;(C3) Vv e Hg(Y, (C3)

One then uses Green’s formula (18), integration by parts, as well as the identities
(41), (42), and (43).

4. Transmission Problem: Ryzhov Triple Asymptotics

The goal of this section is to provide operator asymptotics with respect to the quasimo-
mentum x € Y’ for the operators of the Ryzhov triple associated with the stiff component
that were introduced in the previous section. As we will see, the approximation on the
stiff component pays a key role in the overall approximation, cf. Remark 7.6 below.
We also show that the eigenspace of the DtN map A;“ff corresponding, for small y,

to Steklov eigenvalues of order |x|* is finite-dimensional. This fact is one of the key
ingredients for providing resolvent asymptotics for the transmission problem (14).
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As we are about to see, the vector nature of the problem does not allow one to infer an
asymptotic expansion for Steklov eigenvalues. However, it turns out to be sufficient for
our purposes to obtain the asymptotics of the resolvents of DtN maps, and consequently,
the asymptotics of their spectral projections.

We conclude by providing simple approximations for the boundary operators on the
soft component (Sect.4.4).

4.1. Lift operators: asymptotic properties. We are interested in the asymptotics for the
lift operator l'ISXtiff : HY2(I'; C) — H, (Yyigr; C) defined by (32). (Recall that for
each yx the operator l'[ﬁ(tiff is nothing but the closure of ﬁ;‘iff, which is defined by (32).)
Naturally, the leading-order term is the operator Hgﬁﬁ H'2(T; C3) > H# (Ysir; C),
which does not depend on x. Note that for g € H'/?(I"; C?) the function I'If)tiff g €
H# (Ysisr; C?) satisfies the identity

Asﬁff[sym vng‘iffg] CSymVo =0 Vv e H} (Yar: C), vlr =0. (47)

Yaifr
The operator Hf)tiff satisfies the estimate provided by the following lemma.

Lemma 4.1. There exist constants C1, Cy > 0 such that for all g € H]/z(l"; C3) one
has

iff
Ci [ sym vITg g”LZ(Y;C3X3) = Hg B ﬁ Jr gHH1/2(r;C3)

IA

C ” Sym Vnatiffg ||L2(Y;(C3X3)'

Proof. The right-hand inequality is proved in Proposition A.13 (see the Appendix). To
prove the left-hand one, we observe that

. 1
sym Vl'[f)“ff <g — ﬁ /1" g)

H sym Vl'[f)ﬁff

gH L2 (Ygiigr; C3%3) - L2 (Yeirr: C©3%3)
stiff, 77

- <g L g>
B T e ™/ ()
Estimate (33) 1
= Clg—— ] 8 ;
I Jr ™ e
which concludes the proof. O

Remark 4.2. Notice here that the operator Hgﬁff lifts constant functions on the boundary
g=Cc¢ C3 < & to constant functions defined by the same constant: Hf)“ff g =G,
G=CeC — Hifl,

The following theorem is crucial for understanding the asymptotics of the DtN map.
As its proof follows a standard asymptotic argument [31,53], we provide it in the Ap-
pendix.
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Theorem 4.3. For each n € N, the operator HStiff admits the asymptotic expansion

stiff stiff i error
" =TI +T0,  + T 0+ +HX,,1+I'IX”,

where the operators nyk, H;rf,?r cHY2(T; C) — H#(Ystiff; CH k=1,...,n are
bounded and satisfy

|11 <Clxl*, k=1,...,n

Xk ”Hl/z(l“ CH—H' (Yirr;C3) —

|5 < Clx™t, (48)

X.n ||H1/2(r C3— H! (Yt (C3) —=
and the constant C > 0 does not depend on x € Y'. Furthermore,
Mk =T x® [y, € B(H'T;C, H Yirr; ©)),

and the operator-valued tensors Ty are symmetric, i.e. [ilo i, iy,...ip) = kliy i,y
forall o € S, where S, is the permutation group of order n.

.....

Remark 4.4. Here we make an observation that proves to be crucial for understanding the
properties of the effective operator (see Lemma 4.8). By following the proof of Theorem
4.3 and taking into account the equation (A.22), which actually serves as the definition
of the operator 1 x,1, one infers that for g = C € C? < & one has

/ Agiifr( sym Vﬁx,lg +iXy l'[(s)“ffg) :symVoudy=0 Vve Hé (Ystitrs (C3), v|p =0.
stiff

(49)

The following lemma yields estimates on the stiff component that are useful in the
spectral analysis to follow. We identify the spaces of constant functions on Yg and T’
with the space C3.

Proposition 4.5. There exists a constant C > 0 such that for all x € Y'\{0} :
e Forevery g € Hl/z(l"; C3), one has

lglmres) < Clxl™ H(Symv +iX,)Myg

; 50
L2 (Ysif; C3) (50)
e forevery g € 1—11/2(F; (CS)’ gl 3 (with respect to the LZ(F; (C3) inner product),
one has |

gl si2ar.c3) = CH(Sym v+ ixx)n;tlffg‘

L2 (Vs C3) GD
Proof. The estimate (50) is a straightforward consequence of Proposition A.10 and the
trace theorem. In order to prove (51), it suffices to show that for g € H 12(r; €3,
g L C3 one has

Igl2cn = C|[(sym v +iX, ) T3 | (52)

L2 (Y ©%)

Indeed, suppose (52) holds. Next, employing Proposition A.9 and the trace theorem, we
obtain

lgll e < CITEe |y o

< C”(symV+iXX)H§'(ﬁffg’ +Cllgl s,

L2 (Yyifr; C33)

= €| (symV +ix, )i |

L2 (Yyigr; C33)
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Finally, (52) is is obtained by plugging u = H;‘iff g into the second estimate of Propo-
sition A.13. O

4.2. Smallest Steklov eigenvalues. The operator AS1T on LZ(I"; C3) has discrete spec-
trum, due to the compactness of its resolvent established above. The eigenvalues v* of
A;“ﬂ are equivalently characterised as solutions to either of the following two problems:

iff , iff
Ag =vig,  geD(AYT)\ {0},
Aslifty = 0,
D% = vATu, e ITD(AYT) \ {0).

Next, we define the Rayleigh quotient associated with A;ﬁff, namely

tiff
2578, 8)

Ry(g) = 5
||g||L2(F;C3)

, g€ HI/Z(F; (C3),

where )»i(ﬁff is defined by (44). The sequence (v)),en is characterised by the min-max
principle

—vX = min max R, (g), n e N. (53)
" GeHA(riCY) geG !
dim G=n

The following lemma quantifies the behaviour of the smallest eigenvalues.

Lemma 4.6. There exist constants Cy > Cp > 0 such that

e R,(g) > Calx*> Vge HVX(I;CY,
e Ry(g) <Cilx|*> VgeC,
e Ry(g)=C2 Vge (CHh

Proof. The proof of the first and third points is a direct consequence of Proposition 4.5.
The second point is verified by a direct computation. O

The asymptotics of eigenvalues with respect to | x| is given in the following lemma.

Lemma 4.7. The three smallest eigenvalues of A;ﬂff are of order O(|x|?), and the
remaining eigenvalues are uniformly separated from zero. Namely, there exist constants
c1, c2 > 0 that do not depend on x such that

clxP<—vi<aolx’, n=1,2,3, ¢ <-vl, n>4

Proof. The proof is a direct consequence of (53) and Lemma 4.6. O
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In what follows, we refer to vX, n = 1,2,3, as O(|x|2) eigenvalues and to vX,
n > 4, as benign eigenvalues. Consider the decomposition

=8, ®E =P ED®PE, (54)

where ﬁx is the orthogonal projection onto the three-dimensional space :‘fx < & spanned
by the eigenfunctions associated with O(|x 12) eigenvalues of A;‘iff, and [v’X is the or-
thogonal projection onto EX < &, the infinite-dimensional space spanned by the eigen-
functions associated with benign eigenvalues of Aj(tiff, so that ﬁx =1- ISX. Since the
decomposition (54) is spectral for Ai(tiff, we have

A stiff
Astiff — |:Ax V(Z'ff:|
X sti ’
0 A

where
AT =P Ayl o AR = P AYTIE, . (55)

Both K;ﬁff and K;‘iﬁ are self-adjoint operators on £, and &, , respectively, since Pis
a spectral projection for Ai‘iff. The operator K;‘iff is clearly bounded since it is finite-

rank. Note also that the domain of the second operator is a subset of H L(r; C3), see
Sect. 3.2.3. Furthermore, due to Lemma 4.7 we have the uniform bound

Astiff 2
1A g e < Clx

On the other hand, the same lemma implies that the operator lv\j(ﬁff, while unbounded,
is uniformly bounded below, where the bound does not depend on | x |, namely

X stiffy—1
IAYH  eme < C.

Moreover, (A;tiff)_l is compact and

IR gl sy = Cllglliagesy, Ve € L2 CY), (56)

where the constant C is independent of x.

4.3. Asymptotics of (| X |’2A§(tiﬁc —1 )71. While the results of this section are not nec-
essary for the proof of Theorem 2.4, they are essential in the proof of Theorem 2.5, see
Sects. 6, 7. The main tool for proving the latter theorem is finding an approximating
homogenised operator by developing an asymptotics of the DtN map using its varia-
tional definition (see (57)). Note that for that we cannot follow the approach of [16],
since for PDE systems one cannot expand eigenfunctions or eigenvalues with respect to
the quasimomentum Y, see, e.g., [34, Example 5.12]. Instead, we construct an asymp-
totics for the resolvent of the DtN map; in Sects. 6, 7 this suffices to prove Theorem 2.5.
Note also that the variational definition of the approximating operator (57) implies its
characterisation in terms of Apacro, see Lemma 4.8.
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We calculate the estimates on the distance between the resolvents of —| x |_2ASXtiff and
—lx |’2A};(°m, where the latter plays the role of the effective DtN map and is introduced
below. In Corollary 4.12 we use this to obtain the approximation error with respect to
the resolvents of 2-scaled operators. A similar approach (in a different context) was
used in [23,24]. ‘

Recall that the lift operator H;‘lff cHYX(T; C? — H# (Ysier; C3) admits the de-
composition

Hi(nff — H(s)tlff + Hx,l + Hir,rfr
in the sense of Theorem 4.3, where the dependence of the operator I .1 on the parameter
x is linear. The error term H;”fr satisfies the bound (see (48))
~ 2 ’ . .
”Hir,r?r||H1/2(1";§C3)—>H,}(Ysuﬂ;@) < C|x|°. For each x € Y’, consider the expression
v, =iX, I'I(S)t“tf +sym VII, ;. We define the homogenised operator to be a constant
matrix Al)‘(Om € C**3 such that

1 . _
(—Al;(omc, d>(C3 = m/; N Astiff[ sym Vl'[f)“ffccOrr + \lec] :W,d Ve, de 3,
st
(57)
where ceorr € H'/?(I"; C3) is the unique solution with fr ccorr = 0 to the cell problem

/ Agite[ sym VIT{ T ecor + Wye] - sym VITHTy =0 Vo e H'/(I; CY). (58)
Ystife

In next lemma we provide important properties of the matrix Al;(om.

Lemma 4.8. The matrix A})l(om is quadratic in x, in particular
A};(om = _|F|_1 (iX)()* AmacroiX)(a

where Amacro IS the constant symmetric tensor defined by (3). As a consequence, | x

|—2Ahom
X
is positive and bounded uniformly in x .

Proof. Note first that for ¢ € C3 the solution ¢corr to (58) satisfies

/ Agigr sym VIT{ T ecor + Wye] : symVo =0 Vo € Hy (Yyirrs C2). (59)
Yitifr

This is seen by noting that for an arbitrary v € H,} (Yuitr: C3) one has the decomposition

stiff

v=M1"h+w, he Hl/z(F; (C3), w e Hy (Ysarr; CY), wlr =0.

The identity (59) when v = TI§i'h, b € H'Y*(I"; C3) is stated in (58), while for
v=w € H#(Ystiff; C3), w|r = 0 is covered by (47) and (49).
' For arbitrary_cl, ¢2 € C3, define Lo, Jj = 1,2, asin (58) and introduce the notation

wlon = T el + ﬁx,lcf,j =1, 2. Invoking (59), we obtain

/ Astif—f[ sym Vugm+iXX H(S)ﬁffcj] csymVv=0 Vv e Hé (Ystif-f; (C3), j=1,2,
Yyiife



72 Page 28 of 72 K. Cherednichenko, A. V. Kiselev, I. Vel¢ié, J. Zubrini¢

as well as
(_A})l(omcl’ (,'2)@3
= T, Agirr sym Val o +iX, T e« [ sym Va2, +iX, TT8e2]
stiff
1 . :
=T ; Agiifr[ sym Vau! .+ 1XXc1] :[sym Va2, +iX,c?]
stiff
1 . 1.7 =2
= mAmacr()lXXC DXy et

where we have employed the definition of the macroscopic tensor (3). Using Lemma
2.3 completes the proof. O

Next, we state a theorem on the norm-resolvent estimates of DtN maps.

Theorem 4.9. There exists a constant C > 0, which does not depend on x, such that
the following norm-resolvent estimate holds:
» -1 3 -1
H(|x|‘2A;“ff—1) — (Ix2alem—1) s < Clxl.
L2(I;C3H— H/2(T;C3)

Here S : h — ||} fr h is the averaging operator on I, and At)‘(Om is the effective
operator defined by (57).

Proof. The proof follows a version of the standard asymptotic expansion approach. We
start with the weak formulation of the resolvent problem for the operator |x |’2A§(“ff.

For h € L*>(I'; C?), our goal is to expand the solution g of the problem
1
|12

+/g.5=/h-i o e HYAT: ) (60)
r r

/ Agiire (SymV+iXX) H;tiffg : (symV+iXX) H;tiffv
Yseife

in the form g = g¢ + g + 82 + 8, Where the terms satisfy the bounds

go=00), g =0(xl), g=0(x"). g=0(x),

with respect to the H'/?(I"; C3) norm, and are calculated from a sequence of boundary
value problems obtained from (60), the first few of which are introduced below, see (62).
By equating the terms in (60) which are of order O(|x |=2), we obtain the following
identity for the leading-order term g, :

/ Agir sym VI g0 - sym VITSTy =0 vo e H/2(I; CY),
Yaiir

hence g € C3. Furthermore, by combining the terms of order O(|x|~"), we obtain the
identity
/ Agiee sym VITHT g+ sym VITify
Yit 61)
= —f Agiier Wy, 8o : sym Vl'lf)tiffv vv e H'/2(T; ©3),
Yitifp
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which has a unique solution satisfying fr g1 = 0. Next, comparing the terms of order
O (1), we define g, as the solution to the identity

f Agier sym VITHT g, : sym VT
Yiitr

Tyerror

=— | Avirr(Vygr +iX, Il 180 + sym VIS go) : sym VI
Yaiis €2
- / Agifr( sym vIife, + W, g0) : Yy
Ystife

—|x|2/go-v+|x|2/h-v Vv e H/A(I; C%).
r I

The existence and uniqueness of solution to (62) is established under two additional
constraints. We require g, to have zero mean, fr g, = 0, and the right-hand side of (62)

to vanish when tested against constants.” The second part of this requirement is satisfied
by choosing an appropriate g, € C>. Namely, setting v = vg € C in (62) yields

0= —/ Agtir (Sym VHE)“ffgl +W, 80 Wyvg
Yﬂlltf

—|x|2/go-v—o+|x|2/h-% Vg € C3.
r r

By virtue of (57) and (61), it follows that

1 < h 1 — 1 — 3
——— (A" gq, vo +—/g0-vo=—/h-vo Yvg € C°,
[\ X les T U Ir'l Jr
or, equivalently,
——A‘“’"’go +80= f (63)
Ix1? Il
Thus, by defining the leading-order term as the solution to the above resolvent problem,
we have ensured the solvability of (62).
Next, we prove the estimates for the correctors and the final error estimate. It is clear

from (63) and the coercivity of A})‘(Om that ||g0 ”H'/2(F;C3) < C|lhllp2(r.c3) - Further-
more, it follows from (61) that

I sym VITy g I L2(y;C3x3) = liXy My g, [ L2(y;C33) T | sym VT, 10| L2(Y;C3%3)
By virtue of Theorem 4.3 and Proposition A.13, we obtain

l&1]s12mcsy < Clxl IRl - (64)
In a similar manner, it can be seen from (62) that

l&2]l 12y = ClxP IRl 2 i) - (65)

2 This is in fact a version of the Fredholm alternative.
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Next, we formulate the equation for the error term g, == g8 — 89 — 81 — 82, Where g
is the solution to the full problem (60). Using the above identities for g, g1, g5, itis
straighforward to infer that

1 i i . e
Ix|2 /Y Agifr (SYmV +1Xx) Hi{tlffgerr . (symV + 1Xx) ]‘[g(tltfv
stiff
1
= g e (@) Vo€ H'(; C?), (66)
X

where the functional R, satisfies the bound |Rerr(v)|§C|X |3 ||v||H1/2(r;<c3) ||h||L2(r;(C3) .
Thus, by testing (66) with g and invoking (50), we obtain

. 2
”gerr”i]l/z(r;(cz) <Clx |_2 H ( symV + iXX)Hi(nffgerr L2(y:C3x3)

< ClxI 2| Rer(€erd)| < ClxIgercl 12y Ml 2recs) -

Therefore, one has the bound ||g — g0 — &1 — &2l p2r.c3) < Clx Il L2¢r.c3) - Itnow
follows from (64) and (65) that [|g — goll g1/2(r.c3) < Clx| IRl 2(r.c3) » as required.
O

Remark 4.10. The averaging operator S : & — & coincides with the projection operator
P 0= P X | x=0-
Remark 4.11. The norm-resolvent estimate provided in Theorem 4.9 also yields

. -1 —1
H(|><|—2A§;1ft —at) = (2l —zr) s = C@Ixl

L2(I';C3)— HY/2(I';C3)

where the constant C(z) depends on the distance of z to the spectrum of | x |’2A§tlff(h°m).

(It is bounded uniformly in z if z belongs to a set for which both |z| and
{dist (2, 0 (|x |72 ARy~

are bounded.) This can be seen by using resolvent identities or by revisiting the proof of
Theorem 4.9.

Next, we discuss the resolvent asymptotics with respect to & of the DtN maps on the
stiff component.

Corollary 4.12. There exists a constant C > 0, independent of x € Y', ¢ > 0, such that
the following norm-resolvent estimate holds:

. —1 —1
—2 A stiff —2 A hom
’ (s AT _ 1) - (s Ahom _ 1) s

where the homogenised operator Al;("m is defined by (57).

= Cg,
L2(;C3— H/2(T;C3)

Before proceeding to the proof, we provide some auxiliary results. There are several
important points to make that allow us to rewrite norm-resolvent estimates in terms
of the parameter €. Both operators |X|’2A§(tiflc and |x |’2AI)‘(Om (where the latter is in
fact a multiplication by a constant matrix depending on x) have exactly 3 eigenvalues
of order O(1), and the set of these eigenvalues can be enclosed with a fixed contour
y C C uniformly in | x| (for small enough |x|). These properties are summarised in the
following lemma.
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Lemma 4.13. There exist ¢, > 0 and a contour y C {z € C: N(z) < —n} such that,
forallO < |x| <¢:

e All eigenvalues of the operators |x |_2A§(tiff and |x |_2AI)‘(Om that admit an O(1)
estimate in | x| are enclosed by y;

e No other eigenvalue of | x |_2ASXtiff and | x I_ZAE‘(Om

is enclosed by y;

e There exists pg > 0 such that for all eigenvalues vX of | x |_2A§(tiff and | x |_2A})1(°m
one has inf ¢, |2 — vX| > po.

Proof. Note that for small enough | x | the spectrum of order O (1) is uniformly separated
from the remaining spectrum—this is guaranteed by the estimates in Lemma 4.7. The
same estimates also show that this part of the spectrum lies in a fixed x-independent
interval that does not contain zero. O

Forevery fixede > 0, x # 0 we consider the function g¢ , (z) := (8’2|x 1>z — 1)_1 ,
N(z) < 0, which satisfies the following lemma.

Lemma 4.14. For every fixed n > 0, the function g , is bounded in the half-plane
{ze C,N (@) < —n}:

|86, (@) = COn)(max{e (2, 1)) "

Proof. Proof. The required bound follows from the estimate

—1 - - _
|gex @] = [e2IxPa = 1| = e 2xPn+ 1= Copmax{e*|x” 1}, O
Proof of Corollary 4.12. Applying the integral Cauchy formula, we obtain

- -1 1 ]
P, <s 2 AT 1) P, = z_myﬁ gr.e() (zl P 2A§(“ff) dz,
14

-1 1 —1
—2 A h _ —2 4 h
(8 Axom — I) S = 2_]'[1 gx,g(Z) (ZI — |X| Axom) SdZ,

where P is the operator of projection onto the 3-dimensional span of the elgenfunctlons
of AStlff associated with eigenvalues of order |x|?. Furthermore, since P is a spectral
prO_]CCthl’l for A;(“ff, using the estimates from Lemma 4.7 yields

. 1 . -1
(g—zAj(“ff - 1) _ P, (e—zA;“ff - 1) P,

L2(I;C3H— H/2(T;C3)

o (67)
- H (=P (e72a5" 1) (=P < Ce,
L2(I';C3H— H/2(IM;C3)
On the other hand,
~ - o y
Py (8_2A§(tlft — [) P, — (8_2/\})1(0“1 _ I) S
L2(I;C3)— H/2(I';C3)
1 N
= P % |8, ‘ (zl —Ixl ZA;tlff>
o (68)

-1
—(z1 = 1x172m) s dz

L2(T';C3)— H/2(T';C3)

< Clxl(max{e2|x%, 1)) < Ce,
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where we have used Remark 4.11. The proof is concluded by combining (67) and (68).
O

Theorem 4.9 has another direct consequence, namely the asymptotics of the spectral
projections P and the truncated lift operators 1'[“tl P, with respect to the quasimomen-
tum .

Corollary 4.15. The operators Fx and H;tiff ﬁx satisfy the asymptotics
||P)( - P0||L2(F;(C3)—>H1(F;C3) = C|X|v (69)

7stff B _Hstiffl’_)“ <Clyl. 70
H 0 P = TRl o o i sy = CIX 70)

[Pty — Aoy

= Clxl. 71
L2 (Yeige; C3)— L2(I;C3) — [x1 (71)

where the constant C > 0 does not depend on x € Y'.

Proof. By choosing a contour y as above, and applying the Cauchy formula to the
constant function g(z) = 1, we obtain the asymptotics of projections P, defined by
(54):

~ 1 o\ —1
Py = Z_f (ZI - |X|_2A§(Uff) dz
i J,

1 -1 ~ ~ ~
= (zl — | X|*2A*;(°m) Sdz + f R™(2)dz = Py + f R (2)dz,
2ri J, y v

- e -1 -1
Ry = (128 = 2r) - = (128l —21) s,

f Reom(2)dz
Y

as a consequence of Remark 4.11. This proves the estimate

|2 = Poll - s = Clxl. (72)

= Clxl,
L2(I';C3)—H/2(I';,C3)

(T;C3H—HY2(T;C
To upgrade it to an H! estimate, we write

Py — Py = Py (Py — Po) + (P, — P) Po. (73)
Now note that ﬁx . L3(I'; C3) — HNTI; C3) is bounded, owing to the facts that

D(As‘iff) H'(I"; C?) and that ﬁ is the projection onto the eigenspace correspond-

mg to O(x|?) elgenvalues The first term in (73) admits an O(|x|) estimate in the
L*(I'; C3) — HY(I'; C3) norm, due to (72) and the boundedness of P The second
term in (73) admits the same bound with respect to the same norm, by V1rtue of (72) and
the fact that Po is finite-rank.

Together with the assertion of Theorem 4.3 this yields

H;ﬁffﬁx — (l—lstlff + ﬁ;rri)r)(i,\() + ﬁ;,rror) — Hf)tiffﬁ) + O(|X|)’
where O(|x|) is understood in the sense of the L2(I"; C3) — H!(Yifr; C?) norm.

Similarly,
P (Hﬂtlff) P (Hgtlff) + 0(|X |)’

where O(|x|) is understood in the sense of the L2(I"; C3) — L% (Yyifr; C3) norm. O
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4.4. Soft component asymptotics. Next, we state some simpler asymptotic properties of
the boundary operators for the soft component. These results will be used in Sect. 6 for
proving Theorem 2.5 (a).

Lemma 4.16. For the boundary operators on the soft component, one has
H;oft — C_IXyH(S)OﬂCle, A;oft — e—leABOf[elxy’ F;of]t — e—lxyr(s)olftel)(y_ (74)

Moreover, the eigenvalues of the operator Af)of(t are independent of x, and

e (AR — 21) e = (AR —21) 7 (75)

where the operator Agog is defined by (31) with x = 0 (and so coincides with Agjoch
introduced in Sect.2.2.) Furthermore, let {ni} be a sequence of eigenvalues of the oper-
ator Af)og and {@y} the associated sequence of eigenfunctions. Then the corresponding

sequence of eigenfunctions OfAf)Of([ is given by {(p,f} = {e XYy}

Proof. By the definition of TI*", one has

—div (Agore sym Vu) = 0 on Yo,

soft .
Mo g =u {u:g onT.

Writing u = ew € H' (Yyoii; C?), we obtain

—div (Agof sym V (e%7w)) = 0 on Yoo,

soft . -
My g=u <+ {elxyw:g onT

—div (eixyAsoft (sym vV + iXX) w) =0 on Yof,
w=e XVg onTl
= w= H;Oﬂe_ix»"g — u= eixyl'[;(’ﬂe_ixyg.
Similarly, one has

—div (Agoft Sym Vu) =0 on Yo,
A%Oﬁg =h < {u=¢g onT,
AgoresymVu -ngog =h onl

—div (Asoft sym V (ei’(y w)) =0 on Yo,
— eVw=g onl,
AsofesymV (ew) - ngop =h onT
—div (eiXYASOﬁ (sym vV + iXX) w) =0 on Y,
— {w=eXg onT,
Agoft (symV + iXX) W- Rt = e XYh on T

e IV = AiOfte_IXyg h= eleAiOfte_lxyg.
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Corollary 4.17. For the M -function M ;Oft (z) of the soft component, one has
M;Oft(z) — e—i)(yMSOft(Z)eiXy
MSOft(Z) — A?)Oft + Z(Haoft) Hsott +z (H%ott) (A(s)(?(t;t _ ZI)_IHBOft~
Furthermore, there exists a x -independent constant C = C(z) > 0 such that
| PP, - BMP R, = Clxl
Proof. Recalling the identity (25), we have the representation formula
. . . . . 1
M;Oft(z) — A;oft + Z(H;oft)*nz(oft + ZZ(H;oft)*(Aa))f(t _ Z]) H;oft.

Employing the identities (74), (75), Remark 3.21, and the estimate (69) yields the claim.
O

Remark 4.18. Notice that, due to the fact that Ag"ft| g = 0, one also has

M(S)Oft(z)lgo (Hsoft) Hsoft|€ +z (Hsott) (A?)?(gt _ ZI)_IH?)Oﬁ@O (76)

Combining the above lemma with (69) yields the following corollary, which we use
in the proof of Theorem 6.7.

Corollary 4.19. The operator H;Oﬁ ﬁx satisfies the estimates

”H;oftﬁx — PP, ||L2(F 3y L2V 3y = ClX 1

“ ﬁx (H;Oft)* P (HSOﬁ) ||L2(Ysoﬁ;(C3)—>L2(F;(C3) = Clxl. (77

where the constant C > 0 does not depend on x € Y'.

5. Transmission Problem: O (¢2) Resolvent Asymptotics

In this section we aim at proving Theorem 2.4. The starting point is the Krein formula
(46). The approximation is carried out in two steps. The first step (see Sect. 5.1, Theorem
5.2) is to use the Schur-Frobenius inversion formula by restricting traces to the space
&, and by imposing the equality of projections onto the same space of the traces of
co-normal derivatives. The second step (Sect.5.2, Theorem 5.6) is to approximate the
M -function on the stiff component. Recalling (20), we write

S)s(tiff(82z) _ (1 +82Z(A(s)t’i)f(f —e2z0)” )Hsnff l—[snff +0(2), (78)
where O (g?) is understood in the sense of the £ — H* norm. The formula (25) yields
i . . -1
M;tlff(82z) _ Ai{tlﬁ+82z(n§(nff) ( (Asnff) 1) H;uff

_ A;tiff_'_g Z(l—[snff) l—[stlff+8 - ((Hstlff) (Aat’i)f(f _ EZZI)—IH;tiff)
(79
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5.1. Steklov truncation. Similarly to (55), we define the following truncated DtN maps:
Asoft . A soft) Asoft .__ 55 Asoft)
AT = Py Ay |5X, AT = Py Ay |5X,

Ay = PXAX,8|8AX7 Aye = PXAX’8|§X’

s

so one obviously has

o~

_ . —270stiff | Asoft X _ =2 X stiff |, X soft
Aye = e 2RI L RSN R,y o = e 2RS0T 4 R3O0, (80)

The first operator sum in (80) is self-adjoint due to the fact that its terms are finite-rank
self-adjoint (Hermitian) operators. The second sum in (80) also defines a self-adjoint
operator (noting that /v\ﬁ(oft is also self-adjoint, which can be checked by considering the
associated sesquilinear form), by an argument similar to that of Theorem A.3, where the
operator domains are given by

D(Ay.e) = DA = DAL = P, (D(Ay.0)).
Additionally, we denote the truncated lift operators by

Hi(tiff(soft) — Hs;iff(soft)|gx , l—[i(tiff(soft) — Hi{tiff(soft)lg‘x ,
T . Tystff Ty soft T . rystiff 7 soft
M, =T e TP, 1, = 11 @ 1t

Thus, we have defined the following “Steklov-truncated” Ryzhov triples

o~

( Astlff(soft) Hstlft(sott) Astlff(sott)) on (Hstiff(soft)’ 5)()’

~

( AStlff(SOft) 1—[ 7 stiff (soft) A X stiff (soft) ) (Hstiff (soft) ’ EX ) 7

as well as the coupled Steklov-truncated triples (Ag, y ¢, m X A v.e)s (Ao x.e I X A x.)

on (H, gx), (H, év’x), respectively. The triple properties as stated in the Definition 3.1
are easily checked. In particular, one has

D(Ao,y.c) NR(Iy) = D(Aox.e) Ny (Py(E)) € D(Ag,y.c) NI, (E) = {0},
ker(TT,) = ker (TT, ﬁx) C ker(IT,) = {0}.

One can define the boundary triples and M -functions associated with the Ryzhov triples
introduced above, denoted in the same fashion. Notice that, for example, the domain
of the operator .ASOﬁ coincides with D(ASOﬁ)H'[ (5 ), so the trace operator Fo 5 takes

values in 5 . By recalling that representation formula (22) decomposes the M-function
into the sum of a self-adjoint operator (DtN map) and a bounded operator, we know that
its domain actually coincides with the domain of the associated “A-operator”, and thus
one has

M ) stiff (soft)
X

o~

>
=

stiff (soft) +Z(ﬁstiff(soft)) ( ( Astll‘f(soft)) ) lﬁstiff(soft)
X X

. . 1 .
_ D stiff (soft) stiff (soft) stiff (soft) stiff (soft)
= By (A0 4 () (1 (AR ) ) e )|

— ﬁx MX (Z)gtlff(ioft) |§ .
X
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Similar claims hold for M, (2)*fo0 A7 . (z), and M, (2).

We introduce the notation Hsnff(som = Hi(“ff(somé‘x, together with the notation

P"suff(soﬂ) for the respective orthogonal projections (with respect to the H inner product).
We also define ®, : 'H — 'H as the orthogonal projection

Oy (Usoft B Ustifr) = Usoft D Pﬁ;{tiff”stifﬂ (81)

Before stating our approximation result, we need one helpful lemma, whose proof is

found in the Appendix. It establishes the equivalence of the H! and L? norms on

HEOM yniformly in the quasimomentum  ; the proof can be found in the Appendix.

Lemma 5.1. There exists a x-independent constant C > 0 such that

7 7stiff (soft)
I L2(Yyitr(sof:C3) = CllSf g Ytitt softy; C) Vfe H, :
The next theorem provides the basis for Theorem 2.4.

Theorem 5.2. There exists C > 0 such that for the resolvent of the transmission problem
(14) one has

H ((Ax,s)o,l - ZI)_1 - ((AX’E)ﬁX,ﬁX - ZI)_IHgHg < Cé? Vx eVl zeK,.

Proof. Notice that, as a consequence of (25) and the second equality in (45), we can
write

Mye(2) = Aye+Byo(x) =AY+ AT+ By L (2). (82)

where the operator B, . is bounded uniformly in x, €. So, the question of boundedness of
a truncation of M, . comes down to the boundedness of associated truncation of the DIN
map. But, since 5 CD(Aye) = D(As“ff) D(ASOf‘) and 5}( is finite-dimensional,
one has
Pl o = [agt
H XEXET Xl ee =

[P

£s¢’ E-E T H £se’

and thus the operators Fx M,y (2) st R ﬁx My +(2) Fx , are bounded as well, uniformly in

X, &. We next show that the operator M v.e(@) = ﬁx M,y 8(1)13)( is boundedly invertible
with a bound depending on ¢. This is the point where we stress the importance of Steklov
truncations and the bound (56).

To prove the boundedness of M X,g(z)_l, our first observation is that the operator
Zv\i("ft(zv\iﬁff)_l is bounded independently of x, as a consequence of (40) and (56). By
virtue of (82), we have

W) = (1+ 2K (RIT) 4 25,8, (o) (A31) " )e 2R, (83

Since the operators K;Of‘(zv\‘;‘iff)’l and l’)’)(,g(zv\i(ﬁff)’1 are bounded uniformly in x and
&, we can choose ¢ small enough so that (83) is invertible and

1
< - (84)

e ey~
H <1+82A§(°ﬁ(A§(“ff) +823X,5(Z)(A§(nff) ) Hg_)g <3
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Combining (83) and (84) yields ||1\71X,6(z)_1 lewe < Ce?. We write M, . as a block
operator matrix relative to the decomposition (54):

AB
MX»*?:[]E F]

where
A=M,o(2), B:=P,My ()P, E:=P M, ()P, F:=M, ().

We have shown that A, B, E are bounded (where the bound of A depends on ¢), and F
is boundedly invertible: |[F~!||g_ ¢ < Ce?, where C does not depend on &. Our next
objective is to show that A is boundedly invertible with a x -independent bound. To this
end, notice that (79) implies

S_ZM;tiff(Ezz) — 8_2K§(tiff + Z(ﬁi{[lff)*ﬁi[lff + 0(82), (85)
where O(g?) is understood in the sense of the L2 — L2 operator norm, uniformly in
x - Using (24), (85), Lemma 5.1, the trace inequality, and the fact that z € K, we infer
the existence of a x-independent constant C > 0 such that, for all f € L2(F; (C3) and
& small enough, one has

+

(3My ) f. f)g‘ = ‘(5_23M;tiﬁ(822)f’ fle

7 soft
BSZCTAIN
Ty stiff 2
= Rzl fll 2y + OEINS 2
> CITY™ fll it vy + OED NS 2y

> C||Pxf||L2(Ysﬁff:C3)’

By virtue of Corollary A.2, it now follows that

)
> ‘(e_zi‘sﬁiﬁff(ezz)f, fe

[A™ Lo =C, (86)

where C > 0 does not depend on y. Using the Schur-Frobenius inversion formula, see
[61], we have

[EE— - _—
M-l = [AB] _[a7t0], [ATTES 'EA-! —A-TBS
xe @ ZIEF| T 0 0 §lpa-! 5! ’

where S := F — EA~!B. Furthermore, since [|[S7!|ge < |(I — F'EA™IB)~!
F~eoe < Ce?, we write

(ﬁxMx,s(Z)ﬁx)il 0

o~ o~ o~ 71 o~
0 o] +0(e?) = Py (PyMy o (2)Py)” Py + O(e?).

-1
My () = [
On the other hand, the Schur-Frobenius formula implies

~ ~ o~ ~ 1—1
&MmkﬂaPM@A@&]

(E+Emﬂm4=[ : ;
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_ [(FxMx,s(Z)ﬁx)_l _(FxMx,s(Z)ﬁx)_lFxMx,s(Z)ﬁx:|
0 1

Now, ﬂear]y M;,]e(z) = (ﬁx + ﬁx Mg,x(z))flﬁx + O(g?). Thus, by putting By = P, ,
B1 = Py and recalling the Theorem 3.13 we recognise that the operator-valued function

-1 x o~ -14 _
2> (Aoye —2l) = Sye@(Py + PyM; 3 (2)) PySy (D"

is the resolvent of the closed extension of Ay , . associated, in the sense of Theorem
3.13, with the boundary condition (P, T'o , + Fx "1 y,e)u = 0, and the result follows.
|
Remark 5.3. Theresolvent ((.A X ,5)75 B —zI)~!isthe solution operator of the boundary
XX
value problem (f € H)
Axygu —zu=f, (I\J/XF(),X +ﬁXF1,X,3)u =0.
The solution u € H satisfies the following constraints:
e The 3-dimensional projections of the traces on I' of conormal derivatives of u (from
inside Ysofe, Ysifr) onto the space &, coincide.
e The traces of u from both Yo and Yyigr belong to the 3-dimensional space £, (they
clearly coincide, as per Remark 3.22).
Thus, by approximating the resolvent ((A, )o,; — 2/ )~ ! associated with the transmis-
sion problem (14) by the resolvent ((A,, 5)75 p — )~!, one relaxes the condition on
XX

the continuity of co-normal derivatives and tightens the constraint on the traces, which
leads to an error of order &2.

Intuitively, the homogenisation procedure should replace the solution on the stiff
component with a 3-dimensional constant vector. However, at this point only the trace
of the solution is finite-dimensional.

5.2. Approximation refinement: truncation of M )S(tiff. We introduce the notation §X ()=
Sy.e(2)] g, for the truncated solution operator. Using (21), we have

§x,s(Z) = Sx.s(2)|gX = (My +z(Ao,x.e — ZI)_IHX)|§X

- R (87)
=, +z(Aoye —2l) T,

which is the solution operator associated with the triple (Ao, . 1 x> KX,S) in the
sense of Definition 3.4. Similar representation formulae are obtained for the operators

/.S?;Oﬁ(mff) (z), which are defined in an obvious way.
Remark 5.4. Notice that
“Qstiff (soft) * 7 [ ostiff (soft)\* Sstiff(soft)\* _ 7 (ystiff (soft)\*
(S;(l SO (Z)) —PX(S;I SO ) , (1—[;1 SO ) —PX(H;I SO ) . (88)
Also, one has
Pﬁ;uff(soﬁ) l—[;tiff(soft) — H;tiff(soft)’ (l—[;ﬁff (soft))* Pﬁ;ﬁmmﬁ) _ (H;ﬁff (soft))*’ (89)

which follows from the definition of T3 " *°™ and passage to the adjoint.
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The operator fo,x is the left inverse of the operator I1 x in the sense of Definition
3.2, so by virtue of (87) it is the left inverse of S, ¢(z) as well. A similar claim applies
to the operators § tltt(mft)( ). In particular, we have

FO p X s(Z) _ 1—‘stlff(soft)Sitiff(soft) (2) = ]|§ )
x

In Theorem 5.2 we have obtained an approximation of the original resolvent in terms of
the resolvent of another operator, where the relative simplification is not immediately
evident. However, by doing simple additional approximations the result becomes much
more transparent. We carry these out by analysing the block components of the resolvent
(see (88)) separately. Before proceeding, notice that, as follows from (85) and (86), one
has

ME,X(Z) — (8 ZM)S(tlff(SZZ) + Msott(z)) 1
_ (S_ZKiﬁH+z(ﬁ;ﬁﬁ) Hsuff M)s(oft(z))—l " 0(82)’ (90)

which we use in the proof of Theorem 5.6 below. We introduce the following operator-
valued function featuring prominently in our homogenisation results.

Definition 5.5. We refer to the operator-valued function @ ?(p,g (z): 6/} — :E\'X given by
dep (Z) = 8—2X§(ﬁff + Z(ﬁ;{tlff)*ﬁ;(tlﬁ + M;(Oft(z) (91)
as the transmission function.

We next prove a result on resolvent asymptotics that simplifies the solution on the
stiff component.

Theorem 5.6. There exists C > 0, which depends only on o and diam(K), such that
for the resolvent of the transmission problem (14) one has

(Ao, —2) " = REE@ |y < CE> VeV,

where the operator-valued function R;Ifg (z) is defined by

’R,apg @ = (Asoft ) Ssoft () QaPP (Z)_l §§(oft @* Ssoft ) Qapp (Z)_] (ﬁ;tiff)*
“ it Q“pp ()" Sl z)* Hstlff 0o (sify*
92)

and the block-operator matrix is understood relative to the decomposition H*™ @ HUfT,

Proof. The proof consists in applying the formula (90) to the individual blocks of the

resolvent ((.AX,E)I;X B, ~ zI)~!. We have

—1
Psoft((Ax,e)ﬁX,ﬁK - Z[) Poft
— (‘A(S)());t _ Zl)il _ §SOft(Z)M5 5 (Z)flrsv\;oft(z)*
= (AT —2) T = B @ 0F2 ) SN @ + 0D,
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Next, we use the asymptotic formula (78) for S;ﬁff:

—1 iff - -1 _
Puitt (Ay.0)p, 5, —21) " Poot == Sy () Moy (2 S @)
Ty stiff Aapp —1GSsoft = * 2
—I" 0y e(2) S @™+ 0(e7),
-1 —15sti —
Paoti(Ay.e)p, p, —21) " Paitr = — f@"f‘(z)Ms,X(z) Sl (e?7)*

Ssoft(Z)QdPP(Z)—l(ﬁsxtiff)* +0(2).
we use the fact that
Pyifr (Ao, y.e — zl)_l Pgitr = (s_zAf)t)i)f(f - ZI)_1 = 0(&?)
in the H — "H operator norm. Finally, we have
P (A0 5, 5, ~21) " Par=(e A — 20) ™ =S (2D M., () S5 (72"
= -0 ()" + oY),
which, combined with Theorem 5.2, completes the proof. O

Remark 5.7. Note that one can rewrite (92) as follows:

app (Z) —_— (ASOft ZI)_1 PHsoft
_ [S)S(Oft(z) ﬁ;tift] QaPP( )_l [’g)s(oft(z)* (ﬁ?(tiff)*] ) (93)

5.3. Fiberwise approximating operator. It remains to provide an explicit description of
the selfadjoint operator whose resolvent is given by (92) To this end, we consider the
Hilbert space H*°™ @ H“‘ﬁ and define the operator A%’} as follows>:

D(A?(pg) — {(u’ﬁ)T c Hsoft ® ﬁ;tiff, uc D(A\;oft)’ 7= ﬁmffrsoft }’
soft (%94)
I SR
ul 17 stiff — 13 sofi —2 ( (17 stiff — I {3stiff ul:
—((T)7) Ty —e2((m)7) T | L
The following theorem links R’} (2), see (92), to the resolvent of A5

Theorem 5.8. For every x € Y/, the operator .A ¢ Is self-adjoint and its resolvem‘for
allz € ,O(AX, =) Is given by the formula (92), relatlve to the decomposition Fsoft @H;“ﬁ.

3 Since the operators ﬁ;ﬁff are acting from 3-dimensional space to a 3-dimensional space they themselves

and their inverses can be represented by the appropriate matrices.
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Proof. First we show that the operator -Ax e 1s symmetric. For w, )", (v,9)7
D(Ax,g) one has

—2f (5t —1stiffn
- () ),

—1

_ ( ]l‘;oftu’ v>Hmﬁ _ < ((ﬁ;(nff) ) Fsoft Hstlffrso;t >H§(tiff

=2 ( (Tystiff\*\ — 1 {Sstiff T stiff TSsoft. Tystiff Ssoft
€ <((Hx ) ) Fl,x HX FO,X“’ HX FO,X v>ﬁsﬁff
X
| Asoft __[esoft sott —2 /A stiff soft . TRsoft, \
= (A3 ) — (010, T, > — e (AT U, TG v)SX'

By Green’s formula (see (18)) and the self-adjointness of Kiﬁff, one has

()]

Next, we fix f € H*of, f € ﬁ;“ff For every 7z € p(A;pE) we consider the problem

a-afg]-[]. [ -wm

Component-wise, we have
Asoft, _
AX :l 'ffz*u—_l’f’f 2 ((Tystiff\*\~I{stiff~ _ _~ 7 GD(Aapp)1
~((RE)) P e 2(F) T - = 7,
95)
which is equivalent to

Aoty — 2 = f |:u]
X o | B eD (AT, (96)
it — e 2Tpita ()T = (A 7, [a) P45

Due to the fact that & = ﬁ;‘ifffgo)f:u, the problem (96) is equivalent to finding a vector
uc D(;@Of‘) such that

A;Oftu —zu=f,
Tesoft — 27 stiff Ty stiff Rsoft Ty stiff\ * ystiffSsoft,, _ (Fystiff\* 7
—Ti%u — e PTG T w — 2 (T ) T Tg w = (TT)” f
and then setting @ = Hi(‘iffl"(s)")f(‘u. By recalling (17), one has F?‘i;fl'[;‘iff = A;ﬁff, and
therefore the above is equivalent to finding u € D(.Ai‘)ﬁ) such that
“rsoft _ TSsoft —2 7% stiff Ty stiff \ * 7y stiff ioft stiff
A —zu = f, T3M + (e 72 ASHT 4 7 (TISHT) "TISAM) T3l = —(T150T)* 7.

We next define the operators fo, - (z) = 8_2K§(‘iff + z(ﬁ?iff)*ﬁ?iff, B1 =1, sothe
transmission function (91) can be written as

OR(2) = Po.y.e (@) + LML (2). 97)
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The operator Qa ¢ (2) is boundedly invertible (as can be seen by considering its imaginary
part and usmg Corollary A.2) and satisfies the assumptions of Theorem 3.12. The solution
u is then given by (27) with g = (l'IS“ff)* f:

u = (ASOft )71f ASOfl(Z) Qapp (Z)_ ((g)s(oft(z))*f + (ﬁi’[lff)* fA)

_ [(A(s)(?f(t _ zI) Ssoft(z)QaPP (2)—1(§;oft@) Sboft(z)QaPP (2)—1(ﬁ§(tiff)*] [ﬂ ’

which provides the first row of (92). Finally, one has

=

— I 1fstoft l—[stlffrsott SSOﬂ(Z) QaPP (Z)—l ((SBS(Oﬂ(Z))*f + (ﬁs),(tiff)* f)

[ HstlfoaPP (Z)_l (’g)s(oft(z))* Hstlft Qapp (Z)_l (ﬁi{tiff)*] I:‘;{I ,

which provides the second row of (92). |

Another insight into the operator AX = 1s obtained by considering its sesquilinear
form.

Lemma 5.9. The sesquilinear form a Y on 'H x H associated with .A ¢ s given by
D(ay’t)

_ ~T soft 7 stiff soft\ ; Tysoft & AstiffA soft
={@ T e Mo R, ueDa)HINE, T =Tilal,

7 ([2]-[2)
::/ Asoft(symV+iXX)u : (symV+iXX)v
soft

+ei2 Aife (symV+iXX)'12: (symV+iXX)'17 A |:ilj{| , [,:))\:| IS D(a;Pg)

Yifr
The proof is obtained by a direct computation.
Remark 5.10. For (u, @), (v,9)" € D(ay’?), one has
u=nu+M"g, v=0+Mg, a=M"g, v=TM"g,
where &, ¥ € D(ago)f(t) and g,, 8, € gx With this notation at hand, the form axp‘; can
be written as

7 ()

:/ Asoft(symV+iXX)z°t : (symV+iXX) )
Ysoft

+ / Agifr (sym V +1X ) ﬁ;"ﬂgu (symV +iX,) ﬁg(oftgv
Yiif

1 ) . : I
t 3 Agitr (sym V +iX ) H;nffgu (symV +iX, ) [$iffg,
Ytitt

° — i u v
= aply i, 9) + 357 (g. g0) +6 Ay (840 80) Y [ﬁ} : [5] € D(ayz).
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The following theorem contains the main result of this section.

Theorem 5.11. There exists C > 0, which depends only on o and diam(K ), such that
for the resolvent of the transmission problem (14) one has

1((Ay.e)o.1 —Zl)f1 — O, (AR - ZI) C) ”H o= Ce> Vyev,

where the operator A, is defined by (94), and © y, : H = H*t@HT — HSOf‘GBHS“ff
is an orthogonal projection defined by ©, (usof[ ® ugifr) = Usoft D PH;uffusuff, wzth

respect to the L*(Y; C3) inner product.

Proof. The proof consists in combining (89) and (93) with Theorem 5.8, to infer that
RER() = Oy (AR — 21 ) ® . The orthogonality of ®, is obvious. O

Proof of Theorem 2.4. The proof is a direct consequence of Theorem 5.11, using the
fact that the (scaled) Gelfand transform is an isometry and defining ®§pp =G, ye) M

AP = G ARG, o

5.4. General outlook on the approach. An alternative way to rewrite (92) is as follows:

. soff f soft —1\ /5 stiff oS
RYE (o) (R0 — (Al - 21)” ") (AT }

REL@ = | ; . . N
H;tlﬂl“é(.))f([(,]zc;l(]?[;, SOI(Z)_(AB?;[_ZI) ) l'[;:’ﬁl"a‘.’}f(‘( ;mev SOl(z)—(AB?;‘—ZI) )(I‘I;"“rg?)f(l)*

relative to the decomposition H*°ft @ ﬁ;‘iff, where

app soft( )= ( Asoft z I) Ssoft(Z)QaPP (Z)_1§;0ft(2)*
= (AN — 21) 7 = SO ) (MM (2) + e 2R
Z(ﬁ;titt) Hsutf) S;Oﬁ(f)*.

The operator-valued function Ri‘f E’SOﬂ(Z) is the solution operator (in the sense of The-

orem 3.13) to the problem of finding € D(A™) such that

A u—zu=f,  Poye@Tyu+ BT =0,
where transmission operators are given by o ,.£(z) = e‘zA;ﬁﬂ‘ + z(ﬁ‘;(‘iff)*ﬁififf,
B1 = I. Problems like this, namely those where the boundary conditions depend on
the spectral parameter, are often referred to as impedance boundary value problems.

One should note that the “impedance” here is linear in the spectral parameter.
On the other hand, one can consider the “sandwiched resolvent”

~1
R () = Port((Ay.or —21) Peorts
and use (46) to infer that
-1
RiOft(Z) soft((-AO,x,s - ZI) - S)( S(Z)MX ()™ Sx £(2) ) soft
(ASOft I)_l _ S)S(Oﬂ(z)(M)S(Oft(Z) + S_ZM)S(tiff(EZZ))_IS)S(Oﬁ(Z)*.

Comparing this to (28) yields the following proposition.
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age . soft . .
Proposition 5.12. The generalised resolvent R}‘f;(z) is the solution operator of the

“impedance” boundary value problem on H*" that consists in finding u € D(A;Oﬁ)
such that

ft 2 ft 2 1soft
A —zu=f. By @TEMu+ BT =0, (98)
where the transmission operators are given by ,go,x,g(z) = 8‘2M)S([iff (822), El =1.

The “impedance” of the boundary value problem (98) is highly nonlinear, due to
the structure of the M-function M)S(tlff (z). On the abstract level, both solution operators

R';‘}jf;’“’“ and R;"f; are generalised resolvents [46,47,57-59]. A generalised resolvent

can be equivalently characterised as either an operator of the form P(A — zI)~!|p for
a self-adjoint A in a Hilbert space H and an orthogonal projection P, or a solution
operator of an abstract spectral boundary value problem

Au = zu, Tiu = B()Tu, 99)

where A is a densely defined linear operator on PH and (£, I'g, I'1) is an abstract
boundary triple of A, while —B(z) is an analytic in the upper half-plane operator-valued
function with positive imaginary part (i.e., an operator R-function) on &, extended into
the region Jz < 0 by the identity B(z) = B*(2).

The system (99) can be thus re-cast in the form of the operator equation A,u = zu,
where A; is a closed densely defined linear operator on PH with domain

D(A;) ={u € D(A) C PH :Tu = B(z)Tpu}.

The operator .4, is shown to be maximal dissipative for z € C_ and maximal antidissi-
pative for z € C;.

From the point of view of generalised resolvents, one can therefore view the ho-
mogenisation procedure we have performed above as obtaining the main order term in
the asymptotic expansion of the generalised resolvent R;Ofst for every fixed x € Y’ as
e — 0.

Moreover, we point out that in order to determine the main order term of the operator
((Ay e)o,r — 2zl )y~ as & — 0, or in other words to recover the operator describing the
homogenised medium, it is in fact necessary and sufficient to construct an asymptotic
expansion of the generalised resolvent described above. This follows from the fact that
under a natural and non-restrictive “minimality” condition the operator A giving rise to
the generalised resolvent P (A — z1)~!| pp¢ is in fact uniquely determined based on the
latter up to a unitary gauge transform & such that ®|pyy = Ip3y.

This can be viewed in the homogenisation problem at hand as taking the “down,
right, up” detour in the commutative diagram

—1
— 1
((Ax,s)OJ - ZI) : L) (A;I?g - ZI)
@] |
100
Rt 0 e () e

—1
app, soft al
RXPE =P |Hsofl (AXI?E - ZI) |Hsofl s
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where the double solid line represents the unitary gauge.

As far as the asymptotic analysis of the generalised resolvent Ri"f; is concerned,
the required analysis is essentially reduced to the derivation of the asymptotics of the
operator By , .(z) which governs its impedance boundary conditions. This, due to (97),
in turn reduces to a well-understood problem of perturbation theory for the DtN map
pertaining to the stiff component of the medium and thus presents no complications.

Having said that, we point out that however appealing this argument appears, it meets
two significant difficulties. Firstly, at present we don’t have an explicit way to construct
the operator Aip, Y in (100) for arbitrary impedance boundary conditions parameterised
by a generic (— R)-operator function B(z) in (99). In the problem at hand, this presents
no challenge as the main order term (95) of the boundary operator is in fact linear in
z. Generalised resolvents of this form have already appeared in problems of dimension
reduction, most notably in the works concerned with the convergence of PDEs defined
on “thin” networks to ODEs on limiting metric graphs, see, e.g., [27,38,39,50], and
in particular our recent paper [17] where an approach akin to the one utilised in the
present work is extended to the context of thin networks. In the area of linear elasticity
in particular this analysis is thought to be applicable to the analysis of pentamodes [43],
which will be further discussed elsewhere.

Secondly and crucially, once the asymptotics of the family of generalised resolvents is
obtained in some desired strong topology, the same type of convergence for the family of
resolvents (A, ¢)o,1—zI)~ ! cannot be inferred from the general operator theory. In fact,
one can argue that norm-resolvent convergence of R}(’fg‘ only yields strong convergence

of ((Ay ¢)o1 — zI)~L. 1t is here that the specifics of the problem at hand must play a
crucial role in the analysis, leading to a result of the type formulated in Theorem 5.6
above.

Despite the deficiencies of the general operator-theoretic outlook based on gener-
alised resolvents explained above, we point out that this way of considering the dimen-
sion reduction problem at hand is very natural in that it presents one with a physically
motivated understanding of the problem.

As the argument of [29,30], see also references therein, demonstrates, generalised
resolvents appear naturally in physical setups where one forcefully removes certain de-
grees of freedom from consideration in an otherwise conservative setting in view of
simplifying the latter. Conversely, the procedure of reconstructing the self-adjoint gen-
erator of conservative dynamics must be viewed as adding those “hidden”, or concealed,
degrees of freedom back in a proper way. In doing so, one frequently faces a situation
(and in particular, in the setup of linear elasticity discussed in the present paper) where
the resulting model is drastically simplified owing to only a certain limited number of
concealed degrees of freedom appearing in it in a handily transparent way. The proce-
dure of the diagram (100) can be therefore seen as a non-trivial generalisation of the
seminal idea of Lax and Phillips [40], with a dissipative generator expressing the scat-
tering properties of the system being replaced by a more general one, corresponding to
an R-function which non-trivially depends on the spectral parameter z.

At the same time, as explained in [19] (see also references therein), the concept of
dilating (in the sense of (99)) a generalised resolvent to a resolvent of a self-adjoint
generator gives rise to the understanding of homogenisation limits in the setup of double
porosity models as essentially operators on soft component of the media with singular
surface potentials possessing internal structure, see also [21] where a similar argument
applied to high-contrast ODEs has led to a Kronig-Penney-type model. In the problem
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considered in the present paper, the mentioned singular surface can be shown to be the
periodic lattice of the original composite.

Moreover, the argument of [20] can be immediately invoked for the homogenised
family (94) to obtain its functional model in an explicit form in certain explicitly con-
structed Hilbert space of complex-analytic functions, giving rise to a Clark-Alexandrov
measure serving as the spectral measure of the family. This latter program will be pursued
elsewhere, together with the study of effective scattering problems of the high-contrast
composite which can be considered naturally on this basis.

6. Transmission Problem: O (¢) Resolvent Asymptotics

The goal of this section is to further approximate the resolvent related to the transmission
problem and prove Theorem 2.5 (a). In doing so, we will worsen the order in ¢ of the
estimate but will obtain more familiar objects in the asymptotics.

Our aim is to provide a further approximation to the operator [§;°f‘(z) ﬁ;‘iff] QaplD

()71 [?;Ofl @)* (ﬁ;tiff)*] entering the resolvent (93) so the associated error is not worse
than O (e). For this, the following estimate on the inverse of the transmission function
is crucial.

Lemma 6.1. There exists C > 0 which does not depend on ¢ > 0, 7 € K,, x € Y/,
such that i~
|092(2)" Pylg_ ¢ < Cminflx| 22, 1}. (101)

Proof. First, note that
(Qapp(z)) — SZ(;’S‘\;Oﬂ(Z))*E;Oﬂ(Z) + Sz(ﬁitiff) Hstlff

Foru € é\x using Lemma 5.1 and the trace inequality, we write

(3(OFE@))u. u)e| = |3z ((ﬁ;ﬁffu, ), o +(SS @u, S @u)Hm)

ot Fystff 112
= el B 2 CIN [T o = Il
where C > (0 depends only on K. Thus, due to Corollary A.2, one has
|02 Pyl e = C. (102)

where C > 0 is independent of x and z. Furthermore, by Corollary 4.17 and Remark
4.18, we infer the existence of C > 0, which depends on |z| and o, such that

| M) L2(T:CH— L2103 = C.

Using Lemma 4.7 and the fact that Hi(“ff is uniformly bounded, we infer the existence
of constants D, C,, independent of y, €, such that for | x| > De, one has

(R(OFR@)u. u)e| > Cae2x 1 Ul Vue&,.
For such | x|, by applying Corollary A.2, we obtain
app -2.2
HQ (Z) Py HL2(Ystiff;C3)—>L2(Ystiff:C3) = Galxl™"e

which, combined with (102), concludes the proof. O
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Next we introduce the version of the transmission function that will appear in the
final homogenisation result. The above two lemmata allow us to replace the subscript x

by zero everywhere except Ag‘("m which leads to a more transparent result involving a

differential, rather than a pseudodifferential, form of the operator asymptotics.
Definition 6.2. We refer to the operator valued function Qeff (2): 50 — Eo given by

ngtx (Z) — £—2A})1(0m +Z(H?)tltf) Hatlff + MSOH(Z) (103)

as the effective transmission function. We introduce the following associated operator-
valued function on H :

~ o~ 1~ _ o~
Reffs(Z) — (Asoft ) 1PHsoﬂ_[S)s(oft,eff(z) His)tlff] Qeff ( ) [S;Oft,eff(z)* (HBtltf)*] ,
where the effective solution operator §;°ﬂ'eff () : 50 — Hsoft is defined by

"Skoft,eff(z) — ﬁ(s)oft + Z(A(S)?ft _ ZI)_lﬁ(S)Oft.

Remark 6.3. Due to the estimate (77) and the boundedness of (.ASOft zI)~!, we have

|

where the constant C > 0 is independent of x and z. Using the estimate (71) and the
identity (89) yields

H (ﬁsriff)* _ (ﬁ%tiff)*
X

’§)s(oft(z) ﬁX _ :Sv‘)s(oft, eff(z)ﬁo ‘

= Clxl,
L2(I';C3)— L2 (Yyigr; C3)

<Clxl.

L2 (Yyigr; C3)— L2(I'; C3)
For the inverse of the effective transmission function we have an estimate similar to
(101).

Lemma 6.4. There exists C > 0 which does not depend on ¢ > 0,z € K4, x € Y/,
such that

|05 )" Pofl g g = Cmin{lx| 262 1},
Proof. The proof follows the steps of the proof of Lemma 6.1 while utilising Lemma
4.8. O

The following lemma provides an estimate on the distance between the two trans-
mission functions.

Lemma 6.5. There exists a constant C > 0, independent of ¢ > 0, z € K5, x € Y/,
such that

|0 @P, - O @B, = Cmax{e 2 x P Ix1].
Proof. The case of y = 0 is trivial. It is clear that for all x € Y"\{0} we have
X I2A TPy — x> A Py
1 —2  stiffy—1 _ -1
== g z((zl — x| 2Af(“ﬂ) — (2 — x| 2A})‘("m) )dz,

where y is the contour provided by Lemma 4.13. Therefore, by applying the Theorem
4.9 (cf. Remark 4.11), we obtain

[e2R5TP, — a2 AN Py,

The claim now follows from (91) and (103), by invoking Corollary 4.17 and Corollary
4.15. O

< Ce7 2y .
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The following lemma is crucial for obtaining e-order asymptotics of the resolvent
((Ay,e)o, 1 —21 y~land relating it to an object that incorporates the effective transmission
function.

Lemma 6.6. There exists a constant C > 0 which does not depend on ¢ > 0, z € K,
x €Y', such that

UQapp@ P — 0% 0||gﬁs§C8-
Proof. By a direct calculation, we see that
0™ )" ' P, —Qeffg(z) Py =1+11+1I,
where
(Qa”P(z))‘lF (0 ()P — O ()P ) 0. ()™ P,
:= (0¥%) ' By(Py — By), M= (Py— B0 By

Next, using Lemma 6.1, Lemma 6.4 and Lemma 6.5, we obtain

3.
||I||g_>5<Cm1n{| ‘z,l}max{|xl,z(—2‘]mm I |2’1}

l-e-1<eif|x| <e,
2 3 2 2
< P £ .
= _2._|X2| s =—=<¢ if|x|>e.
[x1= e x| Ix|

Furthermore, by employing Corollary 4.15 and Lemma 6.1, one easily estimates

g2 Ix|-1<e¢ if [x] <e,
I < Cly|min{ —, 1} < g2 g2 104
Mile~e = clxd {IXI2 }_ |x|~—|X|2=|X—|§s if x| =e. (109

Similarly, using again Corollary 4.15 and Lemma 6.4 we estimate
Il e < Clx|min{lx| 2% 1} < Ce,
which concludes the proof. O

Finally, we can summarise these results as the following theorem.

Theorem 6.7. There exists a constant C > 0 which does not depend on ¢ > 0, z € K,
x €Y/, such that

app ff
[ R @) = Ry @3 = Co,
where
et o |:(A(s)0§(t _ ZI)_I _ Sv\)s(oft,eff(z) Q;fﬁ( (Z)*lg)s(oft.eff(z)* _§)s(0ft.eff(z) @gf& (Z)l(ﬁ(thiff)*:|
X-€ T

A~ e A 1~ . e A —1
7n?)t|ff ng& (Z) IS;th,eff (Z)* 71—1.(§)t1ff Qg’fg( (Z) (l—[?)llff)*
(105)

and the block decomposition is relative to the decomposition H*°™t @ HUf,
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Proof. We provide an estimate for one of the four blocks of the matrix

.

[’g)s(oft(z) ﬁj(tiff] Qapp( )—1 [§soft(z)* (ﬁ;tiff)*]
_ [’g)s(oft, eff(z) H?)tiff] Qeff (z )_1 [§;oft,eff(z)* (ﬁ(s)tiff)*] ;

as the other three are treated in the same way. Combining the triangle inequality, Corol-
lary 4.19, identity (88), Lemma 6.1, and Remark 6.3, we obtain, similarly to (104):

ﬁ;tiffé‘il?}; (Z)*l(ﬁ;tiff)* stlfoeff ( ) (ﬁ?)tiff)*
— ﬁ%llff(@i}?g(z)—lﬁx _ Q;ff (Z) )(Hstlff) + 0(8),

where O (¢) is of order & with respect to the L> — L? norm. Using Lemma 6.6 concludes
the estimate for this block. O

Definition 6.8. We define the effective operator Aiﬁfg as follows:

D (A;ffg) ={w@) e Ot @ STy e D(Az?f(t)_i_ﬁaofta)’ Fsuffﬁ_ Fsoft 1,

u Asoft 0 u
Aeff [A] = . X* 1l e ] e 1 [’\:I ,
Xl u _((H?)tlff) ) F??(f)t —8_2((H8tlff) ) Al))(om(l—[%tlff) u

where

(106)

D(Asoft) D(.A{S)Oft)'i'HSOft(g()),
Asoft (Asoft) f+ Hsoftg —~ f, feHge (Z:E),
ID(FSOH) — D(Asott)_'_nsoft(go)

Fsoft . (A%Oft) f+ Hsoftg N (l—lsoft) f+ASOftg, feH, ge a)
Remark 6.9. Tt is straightforward to check that

= stiff (soft) | x 1 stlft (soft)
(HO ) |Yst1ff(soft) | |F| F P snﬂ(sotl)

Recall that KSOﬂg = 0 for every g € &, as & consists of constant functions.
Similarly to Theorem 5.8, one can establish the following statement, whose proof we
omit.

Theorem 6.10. For every x € Y/, the operator Aeff is self-adjoint and its resolvent is
given, for all 7 € p(.Aeff ), by the formula (105) relatlve to the decomposition H*°" @
HS[lff'

Remark 6.11. The sesquilinear form a$
is given by

x on ‘H x ‘H associated with the operator (106)

'D(a;ffe) = {(u,ii)T c Hsoft @ ']/—Zf)tiﬁ, uc D( soft)_i_ﬁ(s)ofta)’ FstlffA Fsoft }

o ————
Ysoft

" iAhoml—‘stlffA FstlffA |:g{| [ j| c D( eff)
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Recalling Lemma 4.8, one can see that a similar form was obtained in [12] as an O (¢)-
approximation in the case of a scalar equation by using a different technique.

By a slight abuse of notation, Remark 6.11 allows us to identify the operator .Aeff
with an operator acting in a subspace of H**" @ HT = . We then extend it by zero
to the whole H, while still keeping the same notation for the extension, hoping that it
does not lead to any confusion.

The following theorem provides norm-resolvent asymptotics of order ¢ in the form
of a “sandwiched” resolvent of the effective operator A .- Itis a direct consequence of
Theorem 6.7, cf. the proof of Theorem 5.11.

Theorem 6.12. There exists C > 0, independent of 7 € K, and ¢, such that for the
resolvent of the transmission problem (14) one has

[ ((A0000 = 2)7" = @0 (A, — 21) @()HH L =Ce VyeY, (o7

where the operator Aetf is defined by (106), and ©y is the orthogonal projection (81).

Proof of Theorem 2.5 (a). This is a direct consequence of Theorem 6.12, based on the
fact that the (scaled) Gelfand transform is an isometry, by setting @°ff := G, 1®0Ge,

AT = G A G, o

Remark 6.13. In[16], a version of Theorem 6.12 is proved by expanding the least eigen-
value and the corresponding eigenfunction of the operator A;“ff with respect to the
quasimomentum x. As explained in the introduction to Sect.4.3, this is not possible
when dealing with systems. Thus we expand the resolvent of an appropriately scaled op-
erator Ai“ﬂ , which as we have shown, suffices to prove Theorem 6.12. We also improve

the error estimate O (¢2/3) obtained in [16] to O ().

Remark 6.14. For every ¢ > 0 we define the space Sgtiff C H'(R3; R3) as the space of
functions whose scaled Gelfand transform is constant for every x € Y’. It is easy to see
that this space consists of functions u such that 7 (u) (§) = Owhen |£ | > (2¢) —1 where
|Eloo = max{|&1], |£2], |&3]} (cf. (9)). Here F(-) stands for the Fourier transform and
£ € C is the Fourier variable. We also introduce the space S := H(R*; R3) N LM,

Define a bilinear form a¢' by

D(a eff) {G+u:@ e SStff 5 S“Oﬂ}

agff (u+u,v+7) = 82/ Asore symV(u + ) : symV(v +7)

Qéoft

+ / Amacro Sym Vi : sym Vo,
Q
(u+7), (v+9) € D(ag").

It is easily seen that the scaled Gelfand transform of the form aeff equals aeff By an

appropriate modification of the definition of S ;“ﬂ we can also treat the form from Remark
5.10 that defines the operator ,43‘(?1;
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7. Stiff Component Analysis

In this section we study implications of the estimates of the previous section. Our goal
here is to prove Theorem 2.5 (b). We are interested in the properties of the effective
operator (106) when restricted to the stiff component. A representation formula for this
operator will be obtained that will bring to focus some known features of high-contrast
homogenisation. To this end, we define the following operators that unitarily identify
the spaces & and H‘“ff (spanned by constant functions) with C3:

12,

Lr:50—>(C3 trc—|F| ceé’o,

Gff 172 TYstiff
Ltiff HSI witre = |Yaate]2e, ¢ € HET
Notice that (cf. Remark 6.9)
S Stff 1/2 12
My = [Yaare |20~ 2 geer

With these operators at hand, we obtain the following representation formula (recall
Lemma 4.8 and (76)):

PHsuff (./4 - ZI) |ﬁsliff
Hstlfoeff ( ) (Hatiff)*
— _ﬁ%tiff (8—2Kl;om +Z(ﬁ(s)tiff)*ﬁ(s)tiff+ Mgoft(z)) (Hsntt)

-1
-1 —27%h — ft
~YaartlIDT ™ e (72 R%™ + 2 Yol ID 1 g, + M3)) s

-1
~2p(, . Rh Trsoft
= —|Yaitt|tGeige (8 ITler A3 + 2l Ysiise s + [T |er M® (z)t"f> Lstiff

-1
|Ystiff|L:ﬁff (872 (iX)()* AmacroiX)( - B(Z)) Lstiff»
where the matrix-valued function B(z) is defined by
B(2) = z|Yaite|Ics + Tl M (2)1-

In what follows, we show (see (119), (120)) that, owing to (76), a natural matrix repre-
sentation of B is given by (5).

Remark 7.1. Regarding the estimates from above and below for the operator 3(z), note
that for ¢ € C? one has

(3B@))e, e)es| = |3 (Z)HIstffI(c )3

HTI(SPt @) ke, S @)ike) > Cle|?,  (108)

JH{soft

and thus, by Corollary, A.2 one has ||B(z) ™! lcs_c3 < Ci, where C; > 0 depends on
the set K. Also, clearly

1B@)| 3,0 < Coa (109)
where C; > 0 depends only on max ¢k, |z].

The above is an explicit proof of the property for a Herglotz matrix function to be
bounded together with its inverse away from the real line.
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Remark 7.2. We will keep the same notation 5(z) for the operator of (pointwise) multi-
plication by the said matrix.

In order to pass to the real domain, it remains to apply the inverse Gelfand transform.
Before doing so, we introduce a smoothing operator: 2, : L2(R3; C3) — L?(R?; C?)
defined by*

e g /Y (Geu)(y, dy.

Next, we note that the projection operator Pgifr is simply a multiplication with an indi-
cator function associated with Yfr, namely Pyirue = Ly (v)u, u € H. Similarly,

for the operator Pjﬁff i.e. the orthogonal projector from L?(R3; C?) onto L;‘iff, which
is defined by (2), we have

poifly — lge (Vu, ue LY(R3; C¥).

Also, for u € Hgisr, we have
1
Prsinu = Ly, (y)—/ u(y)dy.
HO[ it |Ystiff| Yifr
Note that’

g, Pty = g, (ngzﬁffu) =g (f (Ly,; Gett) (v, -)dy)
Y

= | Ysirrl G ! (|Y — | @wo. -)dy) (110)
st Stiff

1/25-1
= Yaie]'/*G; (lstiffpﬁgtiffgsu)-

We have the following lemma.

Lemma 7.3. The following formula holds:

® 1 -1
gg_l (/ (8—2 (IXX)* AmaCroiXX - B(Z)) tstiffPr”_z(s)[jff dx> gs
Y/

! ~lo pstiff
= m(flmacro - B(Z)) C'JSP;H > (111)

where the operator Amacro is defined by the form (4).

Proof. To see this, we consider the operator A, macro on H with the sesquilinear form
_ : . : l(y. 3
Ay macro(U, v) = / Amacro (symV +iX, ) u: (symV +iX,)v, u,v € Hy(Y;C).
Y

By invoking the properties of the Gelfand transform (10), it is clear that

© 1
gs_l (/ S_ZAX,macro dX) Ge = AmacrOo
Y/

4 The operator G, 1is here applied to a function depending only on x i.e. for fixed x constant in y.
5 Again, the inverse Gelfand transform is applied to a function depending only on  i.e. for fixed x constant
iny.
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By virtue of (110), it remains to show that
(672 Ay macro — B (Z))_llstiff Prysir
= (672 (iX,)" Amacroi X — B@)) ™ tir P (112)
First conclusion is that for z € K, u € H, we have
S(e72 (1Xy)" AmacroiXy — B(2)) = I(e 72 Ay macro — B(2)) = —3(B(2)).

so the operators are invertible by taking into account Corollary A.2 and the estimates
(108). In order to show (112), we take f € H and consider the unique solution u € C3
to the resolvent problem

g2 (iXX)* AmacroiX yu — B()u = LstjffPr)’_ZBLifff.

Multiplying the above equation with arbitrary v € C3, and integrating over ¥ one obtains

1

2 AmacrolX yu 1iX, v — / Blu-v= / Ls[iffPﬁ(s)nfff - .
Y Y Y

Furthermore, it is checked that, as an element of H#(Y .3 ), the constant function u

solves the problem

1

2 Amacm(symV+iXX)u:(symV+iXX)v—/B(z)u~5
Y

Y
- / it P £ 5 Yo € HY(Y: ©),
Y
which is unique. The formula (111) now follows from (112). O

The following lemma allows us to drop the smoothing operator E, from the resolvent
asymptotics while not making the error of higher order then &2.

Lemma 7.4. Let 7 € K. There exists a constant C > 0 such that
—1 _
| (Amacro = B@) ™ (I = B o) @iy < €€ (113)

where Amacro IS a differential operator of linear elasticity with constant coefficients
defined by the form (4).

Proof. We start with the identity
FENE) = 1100 .1/00p OOF(E)  Vf e LX(R:C),

where F denotes, as before, the Fourier transform, and & € C3 is the Fourier variable
(see, e.g. [24, Section 2.5.3]). The estimate (113) follows from the fact that for f €
L?(R3; C?) one has

f((Amacro - B(Z))_lf)(%_) = ((iXi;‘)* Amacroi Xg — B(Z))_l F(f)E).
Namely, introducing u(§) := ((ng))k AmacroiXs — B(z))_1 F(f)(&), one has

@) < (1=2C) 7' | F(f)(&)] < C*| F(f) (&)
where C» is given by (109). O

18> o) e e (0,057,
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Finally, we proceed to the proof of Theorem 2.5 (b).
Proof of Theorem 2.5 (b). The asymptotic estimate (107) immediately yields

-1 o .
H Pyitt ((Ay.e)o.r —21) " Pyt — |Yetite |/ Pt (¢ 2 (iXy)" Amacroi Xy
(114)

-1
—B(Z)) LstiffPﬁBuff e <Ce VyevY.

Invoking (111), we obtain
1 @ -1
G / (Pstiff((Ax,s)O,I —zl) " Pyigr
Y/

1 . -
_|Ystiff|l/2Pstiff <8_2(1Xx)*Amacr01Xx - B(Z)) lstiffpﬁzliff) dy Ge

_ Pgstiff (Ao — 21)71 Pgstiff . Pgstiff(Amacm . B(z))71 Espgstiff.

Combining this with (114) and using the fact that Gelfand transform is a unitary operator,
we obtain

|| Pgs'[lff (-’48 _ ZI)—I P;tlff_P;llff (AmaCrO_B(Z))_l Ea PgStlff ||L2 < CE,

(R3;C3)— L2(R3;C3)
The last step is to drop the smoothing operator for which we use Lemma 7.4. |

Remark 7.5. The operator Amacro — 3(z), which plays the role of the leading-order term
in the resolvent asymptotics of Theorem 2.5 (b), is clearly a second-order differential
operator with constant coefficients.

Remark 7.6. The operator A has a more concise form than the operator A:™" and
admits no further simplification.

On the other hand, in what applies to the operator AS* | one can still obtain a simpler
approximation, by going further in the expansion of DtN map in Sect.4.3. The error
bound thus obtained can be seen as 0(82), i.e., the same as for the A?pp. It can be
further seen the thus obtained operator is non-local in the spatial variable — in fact,
pseudodifferential. For brevity, we refrain from discussing this in detail.

7.1. Dispersion relation. The assertion of Theorem 6.12, as well as a more precise (at
the cost of being more involved) statement of Theorem 5.11, pertains to the asymptotic
behavi our of the resolvent in the whole space. In applications however, and in particular
in applications to periodic problems, it is often desirable to relate the spectrum of the
problem to the so-called wave vector, or equivalently quasimomentum y, of the problem
at hand. Indeed, the dispersion relation, which expresses the mentioned relationship,
becomes of a paramount importance when the question of which monochromatic waves
are supported by the medium at hand, as well as when the group velocity of wave packets
spreading in the medium is brought to the forefront of investigation. The latter question
is to arise naturally in the context of metamaterials, to which the model considered in the
present paper is thought to be intimately related (the precise mathematical formulation
of this relationship will however be discussed elsewhere; see also [19] and references
therein for a related discussion), as in these both the phase and group velocity need to
negate, [63].
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Definition 7.7. We refer to the operator valued function defined by
KPP (2) o= ((ﬁ;tiff) )" Qapp( )(ﬁ;tiff)*l +z1

e e~ P (115)
_ —((H;“ff)*) I(S_ZA;“ff+M;Oﬂ(z))(l'[;“ff) 1

as the dispersion function associated with the operator Ai Similarly, we define the
effective dispersion function associated with the operator Aeﬁ

Keffs(z) _ (( snff) ) Qapp( )(ﬁgtiff)—l +z1 e
=~ (A)) 7 (Al ) ()

Remark 7.8. Notice that
( app(z) . zI) I _ _ﬁstiff@?g};(z)*l(ﬁstiff)*’
(’C;f’fe(z) . zl)_l Hstlfoeff 2)” (Hatiff)*.

By comparing this with resolvent formulas (92) and (105), one can see that these op-
erators are, in fact, resolvents of the appropriate operators sandwiched with projections
onto the stiff component:

Pﬁ;urf(A;Rg - ZI)_1|ﬁ§(liff = ( dpp(Z) - ZI) 1,

Pﬁ?)tiff (.A;f,fg — ZI) -1 |ﬁ?)tiff = (/C;fyfg (z) — ZI)_1

Denote by {lﬂx }3 -1 C 5 an orthonormal basis of eigenfunctions of K;‘iff and by
{v }j | the assomated set of eigenvalues. Note that the {l‘IS“ffw } _isabasisin ﬁ“iff
Functlon uc H”“ff are represented in this basis with a vector & = (¢, oz, @3) € (C3 as

3
= Zaiﬁ;‘iffwl?‘. (117)
i=l1

Furthermore, we denote by {\IIX}
{nSt]ff wx }

i=1 C ﬁ;ﬁff the contravariant dual for the basis

i1 namely, the set of functions such that

(l—lstlff X \IIX> = 8[jﬂ i, ] == 1927 3.

Fstiff

One can easily check that lIJ;( = ((ﬁj(‘iff)*)_l wj).(, j = 1,2, 3. Thus we find the follow-
ing expressions for the coefficients in (117):

oj = (To,@ ¥)g. j=123
Next, we calculate the matrix Ki‘(‘f‘i (z) of the operator IC (Z) in the basis {HS“fflp 5 HIRES

dpp (Z)z] _< dpp( )Hstlff ((Hstlff) ) 11/,1‘X>ﬁ§(ﬁff'
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By invoking the formulas (20), (19) and (115), the dispersion function can be expressed
as

KPR (z) == ((ﬁ?{tiff)*)_l(g—ZKitiff_i_Kioft+Z(ﬁ§oft)*ﬁ§oft
22 (TISPM) (ARl — ZI)—lﬁ;oft) (Fisify~

Denote now by (ni)reny C R, ((p,f Yeen C HEOM the eigenvalues and associated eigen-
functions of the operator ASOft The resolvent of .AS"ft admits the expansion

9]
ft -1 -1 be X
(AFXS —21) 7 = " — 27" (- of Jypon 21 -
k=1
Upon a straightforward computation, we obtain
app =2 j (X X Asoft . X X
e(2)ij = —¢ V)](<¢j , Hy, UH )g)s(tiff - <A§(O wj , H, Vi )g)s(liff

Tysoft , X yysoft X
- Z(HSO td// s H;O HX W,' )’Hsoﬂ (118)

- Z ( SOftI//X’ Pr )Hsoﬂ<(pk ’ HSOﬁH I/I )’Hsoﬂ

where H, := ((ﬁmﬂ‘)*ﬁ“iff)_l & — &,
Similarly, by using (116), one establishes the matrix representation Keff (z) of the
effective dispersion function ICeff (z) in the canonical basis {e; };Z , of Cc3:

Kefg(Z)t] = < if,fg(Z)ejv ei)ﬁf)tiff = - <Ah0 €j, el) (MSOft(Z)e]v e1>g

Recalling (76), we obtain

~ -1
<M(S)0ft(Z)€j, ez) (l-[(s)oftej H(S)Oﬂe'i)ﬁ(s)oﬂ e <(Asoft ZI) H(S)Oﬁej, H%Oﬁe‘l

gstlﬁ >Hsoft

s HSOfte', Dl |7soft\ Pk » H 6' 77s0ft
i g 2 55 0 A T8l

k=1 M=z
o Z2
= 2[Yoft|8i) +; o7 e i
(119)
where (nx, ¢r)keN are the eigenpairs of the operator ASOf‘ Finally, we have
ff
<(’C§(,8(Z) - Zl)ej’ ei>ﬁstiff
0
1 hom = §
= =5 [AYMej eig, = 26 = 3 (e jlgni- (120)
k=1

The calculations above prove the following theorem.
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Theorem 7.9. The dispersion relation for the operator A‘;Ff‘; is given by
det (K% (2) — z|Yqir|I) = 0,

It links the parameters z and y, where the matrix Ky ((z) € C3%3 js given by (118). The
effective dispersion relation (see also [13,56]) is given by

det(AS", — B(2)) =0, (121)
where (cf. Lemma 4.8)

Z2

)
A;ffg = g*ZX;AmacroXX, B(2)ij = z6;j + Z — (0r)i (oK) -
k=1

Denoting 0 := |x|™'x, one has A;ffg = |x |2Agff8 = e 2|y |2X’§AmacmX@. The
matrix X ;‘AmacroX g 1s positive definite with the lower bound uniform with respect to 6,
with n, C; > 0:

(X;Amacroxﬂ ¢, ;)
= (Amacro X0 &, X &) = n1Xo C1> = nC110 (> = nC1l¢> V¢ e R?,

where we use the coercivity estimate of Lemma 2.3 and the lower bound in (11). De-

note by Aé/ 2 the positive definite (symmetric) square root of XjAmacroXg. Clearly, the
dispersion relation (121) is equivalent to

det(|x 1 — £2A, ' *B)a, '/?) = 0. (122)

Note that for fixed z > 0 and 6, the matrices B(z) and A, 1/ ZB(z)Ae_ 172 have the same

number of non-negative eigenvalues. The eigenvalues S(z) of 5(z) are shown to be
strictly increasing in z in every interval of analyticity of B on the real line. This follows
from the Herglotz property of B(z), since the latter implies the positive-definiteness of
the derivative 13’ (z) on the real line. It follows that the same holds for the eigenvalues of
Ay 2R (A, 1/ 2, and therefore all the branches of the multivalued function z — |x ()|
defined implicitly by (122) are strictly increasing. This, in turn, implies that the gradient
of z is parallel to x:

X dix@1\ ™" x
Viz=2(x)= = <— —.
g x| dz x|
We have thus proved the following statement.
Theorem 7.10. For every direction 6, the number of solutions | x| to (122) is equal to

the number of non-negative eigenvalues of B(z). Furthermore, the corresponding group
velocities |1,44] are positive [10] on every interval of analyticity of B.
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76 = 41.555

ns = 54.8616 19 = 64.7445

Fig. 2. Examples of eigenfunctions ¢y (k = 6,7, 8, 9) of AB‘?&‘ with (¢g) # 0 and the associated eigenvalues
ng (k =6,7,8,9). In each case, the left figure shows the deformation x > x + ¢ (x), while the right figure
shows the displacement vector field x — @ (x). For the latter, the vector at each point corresponds to the
direction of ¢y, and its colour describes the magnitude of ¢ from red (high), through blue and green, to yellow
(low), with orange representing zero

7.2. Numerical example. In this section we present a numerical example in which we
calculate the solutions to the dispersion relation (121). The problem solved here is in 2D,
50 as to allow visualising its solutions. We consider the cell ¥ = [0, 1]? = Yyt U Yoot
with an elliptical soft inclusion Yo with axes 0.04 and 0.045 in the stiff matrix Yfr. The
elastic material considered is isotropic, with the material coefficients constant on each
of the two components Yo, Ysifr- The contrast between the components is assumed to
be ¢72, where ¢ > 0 is small. By fixing the Lamé constants A = 1, © = 0.1, we define
the tensor of material coefficients

A 88k +2u (8ik 81 + 8iudkj ) =: A?}i,g, y € Yaitr,

% (M 8ij8u + 21 (8ikdj1 + 8irdkj)) =: Affﬁ Y € Yooft.

Afjkz > =

The macroscopic tensor Apacro, Which constitutes the fiberwise effective operator Aiﬁfs,

2x2.

is represented by its action on the elements of an orthonormal basis {E; }?:1 of Ry

AmacroEj ¢ Ej ::/ ASff (sym Vug, + El-) CEj, i, j=1,2,3.

Ysifr

where for E € Rzyxn% the displacement ug € H# (Yair: R?), f Yo WE = 0 is calculated
by solving the cell problem for the perforated domain Y;sr:

/ Amff(sym Vug+E): symVv=0 Vve H#(Ystiff; R?), v=0.
Yaiife Ysiff

This results in an explicit construction of the matrix A;f’fs. The function B(z) is approx-
imated by a finite sum

Z2

Nk — 2

B'Q)ij =28+ (k) (n)i (123)
k=1
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300

200

[ |

60 80

200

Fig. 3. Plots of the eigenvalues B1(z), B2(z) of the “truncation” B"(z), see (123), for n = 11. The x-axis
represents the frequency z, the blue curve is the function 81 (z) and the red curve is 87 (z). The regions of z
for which both g7 (z) and B (z) are negative yield no solutions to (121)

& = 0.00001

Fig. 4. Solutions (x, z) to the dispersion relation (121): x is horizontal, z is vertical. Left panel: side view
in the direction of x;; right panel: 3D view. The number of dispersion surfaces at every z is the number of
non-negative eigenvalues of 5(z). As ¢ — 0, the gaps between the surfaces converge to the regions in which
B(z) is negative-definite

where n;, k = 1, ..., n, are the n smallest eigenvalues of A(Sf(f)[, see Fig. 2.The graphs
of the real eigenvalues f1(z), B2(z) (ordered by the relation B1(z) < B2(z)) of the
symmetric matrix-valued function B"(z),z > 0, are shown in Fig. 3. The dispersion
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surfaces for the effective problem, which are determined by the relation (121), are shown
in Fig. 4.
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Appendix
A.l. Operator theory.

Lemma A.1. Let A be a closed, densely defined linear operator on a complex Hilbert
space H, such that |(Ax, x)| > C|ix||?, Vx € D(A) and ker(A*) C D(A). Then the
inverse A~ exists and ||A~'|| < C~L.
Proof. First, we show that R(A) = H = R(A). To this end, take x € ker(A*). Since
x € D(A), one has

0= |(x, A*x)| = |(Ax, x)| = Cllx|?,

and therefore x = 0. Therefore, R(A) = (ker(A*))J' = {0} = H. Clearly, A is an
injection. Thus A~ exists. For y € R(A) we put x = A~'y. Thus, one has

s

Il P= Ay < el a7ty = et A
and the claim follows. O

Corollary A.2. Let A be a closed, densely defined linear operator on a complex Hilbert
space H such that D(A) = D(A*). Denote by RA and IA the real and imaginary part
of A. Assume that max{|(SAx, x)|, [(NAx, x)|} > C||x||? for all x € D(A) for some
C > 0.

Then the inverse A~" exists and | A~ < C~L.

3

Proof. The claim follows immediately from Lemma A.1, since

[(Ax, x| = /| Ax, )2+ (@A, 0 > max{] (3 A, x)

(MAx, x)|} VxeDUA). O

’

Theorem A.3. Assuming there are two self-adjoint operators A > 0 and B > 0 with
the same domain D(A) = D(B) in the Hilbert space H, the sum A + B is self-adjoint
on the same domain.


http://creativecommons.org/licenses/by/4.0/

Effective Behaviour of Critical-Contrast PDEs Page 61 of 72 72

This fact very probably belongs to the domain of folklore — still, we include its proof,
as kindly shared with the authors by Dr V. Sloushch [55], to whom we express our deep
gratitude.

Proof. Withoutloss of generality, assume that .4 and B are positive definite. By the closed
graph theorem, AB~! and BA~! are bounded in H. Pick a « such that [k BA™'| < I.
One clearly has D(A) C D(kB) and ||k Bu|| < || Au|| foru € D(A).

By the Heinz inequality (see, e.g., [6, Chapter 10, Section 4.2, Theorem 3]),

DA% c DwB'?), k2B 2u) < | A2ull, u e DAY,

hence D(A'/?) ¢ D(B'/?) and B'/2.A~1/2 is bounded. Swapping the rdles of A and B,
D(B'?) ¢ D(A'?) and A'/2B~1/2 is bounded.
It follows that B~1/2 AB~1/2 is bounded and non-negative. Since obviously

(A+Byu=B"*B2AB2+ 1)BY*u  Vu e D(A),

and B~1/2AB~1/% + I is boundedly invertible, (A + B)~! is bounded and defined on the
whole H, and therefore closed. Therefore, A + B3 is self-adjoint on D(A), as required.
O

A.2. Auxiliary estimates. Here we state some of the results which we use in the main
text. In this part we state various versions of Korn’s and trace inequalities. First, we state
a special case of the classical trace theorem.

Proposition A.4. There exists C > 0 such that for every g € H'/*(T'; C3) there is an
extension G € H,; (Ystitf (soft) ; C3) satisfying ||G||H1(mef(som;cz) <Clglgirr.cs-

Next, we recall a well-known Korn’s inequality (see, e.g., [48]).
Proposition A.5. Let @ C R3 be a bounded open set with Lipschitz boundary. There
exists a constant C > 0 such that for every u € H! (2; (C3), one has

el g1 @3y < € (I sym Vaell2g; 03 + 1l 2(0.c3)) » (A1)
where the constant C depends only on the domain 2.

We use the following version of Korn’s inequality, proved by contradiction from Propo-
sition A.5.

Proposition A.6. Let Q@ C R3 be a bounded open connected set with Lipschitz boundary
and B C 99, |B| > 0. Then there exists C > 0 such that for every u € H'(Q; C3) one
has

lull 1003 < C (lsym Vall2q.c3x3) + [l 12¢5.c3) - (A2)
where the constant C depends only on Q2 and B.
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Proof. By the inequality (A.1) we see that it suffices to show that
el 2y < € (llsym Vel 2 gueses) + el 2sic5)) -

Suppose the contrary, namely that there is a sequence (up)ren C H I(Q; (C3),
lakll2q:c3) = 1 such that

(||Sym Vuk”LZ(Q;C%d) + ||uk||L2(B;C3)) < 1/k Vk € N.

By (A.1), the sequence (uy)xen is bounded in H'(2; C?) and therefore converges (up toa
subsequence) weakly in HY(Q; C3) and strongly in LZ(Q; (C3) tosomeu € H(Q; (C3),
lullL2(q:c3) = 1. By lower semicontinuity of the norm, we have

Isym Vull2q.c3x3) < lim [[sym Vug||p2q.c3x3) = 0. (A.3)
k— 00

Also, since uy—u in H(Q; C3), by trace compactness we infer thatu|p = 0. By (A.3)
one has u(x) = Ax +c for some skew-symmetric A € C33and ¢ € C3 (see, e.g., [48])
Since | B| > 0, this implies that A = 0, ¢ = 0. O

Another useful version of Korn’s inequality is also well known and is a direct conse-
quence of [48, Theorem 2.5].

Proposition A.7. Let 2 be a bounded open set with Lipschitz boundary. There exists
C > 0 dependent only on Q such that for every u € H'(; C3) the estimate

||u — w”Hl(Q;(C3) < C|| Sym Vu||L2(Q;(C3X3)
holds with w = Ax + ¢, where
0 da c1

A=|—-d 0 b|, c=|c ], cj=/uj, j=1,23,
—a—-b0 3 Q

ll:/(asul — d1u3), b:/(83u2—82u3), d:f(32ul — d1uy),
Q Q Q

We proceed with the following simple assertion.

Lemma A.8. Let Q@ C R3 be a bounded open set. There exist constants Cy, C1 > 0,
independent of x €Y', such that

Collul ey < X u] s < Crlulpaesy  YxeY, uweH'(QC).
(A4)

Proof. We clearly have (due to |[e/X¥| = 1)
”eiX)’u ||L2(Q;C3) = ||u||L2(Q;(C3) s || V(eixyu) ||L2(Q;(C3) = || Vu+u® 1X ||L2(Q;C3)'
Now, we calculate

el s = Nuliagcs * [ Ve +u @ ix] 12 .00,

2 2 2 2
= (1 + |X| ) ”u||L2(Q;C3) + ||Vu||L2(Q;(C3) = Cc ”u||H1(Q;C3) .
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Conversely:
2 _ 2 2
”u”HI(Q;(C3) - ”u”LZ(Qgcfi) + ”Vu”LZ(Q;C_%)

. 2
< N2 g0 + Vo +u @ ix |72 g.00 + X1 101725,
2 2 . 2
= (L4 X ) lul 2 g 00 + [ Ve +u @ ix |2 g3

< Clle®ull g1 (g.c3-

Using the above lemma as a starting point, we prove five propositions.

Proposition A.9. Let 2 be a bounded open set with Lipschitz boundary and B C 02,
|B| > 0. There exists a constant C, depending only on the domain 2, such that for every
ue HY(Q;C and |x| € Y one has

el (e = € (” (symV +iX, ) ul| et ||”||L2(B;C3)> :

Proof. Plugging w = X u, u € H'(Q; C?) into the inequality (A.2), we obtain, by
virtue of Lemma A8,

”u”Hl(Q;(C3) < ”w”Hl(Q;(C3 < C (” sym VWHLZ(Q;(CBXB) + ||w||L2(B;C3))
= C (”(Sym V+iXy) u||L2(S2;C3><3) + ||”||L2(B;C3)) )
where we have also used (A.4). O

Proposition A.10. There exists a constant C > 0 such that for all u € H#(Y; C3),
x € Y'\{0} one has

||u||H1(Y;(C3) <Clx |71 “(Sym V+ IX)() u ||L2(Y;(C3X3) > (AS)
IVall2yicox3) < C [ (sym V+iX, ) a1y cois) -
u—/u SCH(symV+iXX)u||L2(Y,(C3X3). (A.6)
Y IH(Y;C?) ’

Proof. For a function u € H; (Y; C3) we have the Fourier series decomposition
u= Z e kY vy = Z Pk Ya @ (2mik)
kezZ3 keZ3
from which, by Parseval’s identity,
2 2 2 2 2
Ml yon = D laxl IVEIT 0oy = D 127 lax @ kI
keZ? keZ3

It follows that

Vu+u®iy = Y kg @ Quik +iy),
keZ3

[Ve+u® (0| 2y = X Ja® @rik+ix)],
keZ3
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and therefore

. 2 o 2
||(symV + 1XX)u||L2(Y;(C3) = Z |ak O 2rik +1)()| .
keZ?
Combining this with the inequality |a © b| > |a| |b|/v/2, we infer (A.5)—(A.6). |

Proposition A.11. There is an extension operator mapping u € H; (Ysise; C) 10 an
element of H# (Y; C3) (for which we keep the same notation u) such that

leell i1 (vic3) = € lall g vy »

[(symV +iX, §CH(symV+iXX)uHL2 (A7)

Jul 2gricma) (Fyir; €3
forall y € Y, where the constant C depends only on Ygist.

Proof. This is a straightforward consequence of an analogous result for the extension
operator applied to quasiperiodic functions. For the related construction, see [48]. O

Proposition A.12. There exists a constant C > 0 such that for everyu € H#l (Yaitr: C3),
x € Y'\{0} one has

el 171 vyigicny < Clxd™ [ (sym V +iXo )u] oy s (A8)

Proof. By Proposition A.11, the function u is extended to u € H# (Y; C3). Combining
(A.5) and (A.7) yields
2l 1 vy < el viey < ClxI ™| (sym v +iXX)u”L2(Y;(C3X3)
< ClxI " (symV + iXX)u|\L2(mef;C3X3).

a

Proposition A.13. There exists a constant C > O such that for all u € H# (Ysare; C3),
x € Y/ one has

< CH (symV +iXX)u||L2
H (Ygig; C3)

(Yeitr; C33)° (A.9)

u— u
| Ystiff | Ytitr

< C|| (symV + iXX)uHL2
H1/2(F;(C3)

(Ysiige; C373) (A.10)

[+~
u—— [ u
T Jr

Proof. The bound (A.9) is deduced from (A.6) and Proposition A.11 similar to how
Proposition A.12 was established. To prove (A.10), note first that by (A.9) and the
continuity of traces, one has
-
< ||lu— u
L2(I:C3) [Ystiee| Jygse
1

u
[Ystite | J vy

1
Hu LY
|F| r LZ(F;C3)

(A.11)

<C

u —

H! (Ygifi;C)

< C|/(symV +iXy) u] oy oo -
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Second, from Proposition A.9 and the trace inequality, one has

1
o=
IT| Jr HU2(:C3)

gc( (symV+iXX)<u—|11—|/Fu>

. 1
=C <“ (Sym V-HXX) u||L2(Ystiff;(C3X3) +|X| ‘ﬁ /I: u

|
L2 (Yyife; C<3) il Jr

u
L2(I';C3)

1
+Hu—— u .
L2(I;C3) ICLJr 2.3
(A.12)

The bound (A.10) now follows from (A.12) by using (A.11), (A.8), and the continuity
of traces. O

A.3. Well-posedness and regularity of elasticity boundary value problems. Here we state
some results regarding the properties of the weak solution to the boundary value problem

—div(Asym Vu) = f on Q, (AsymVu)n|yo+u =g ondS2, (A.13)

where @ C R? is a bounded Lipschitz domain with the exterior normal n, f €
LZ(Q; C3), g € H’I/Z(BQ; (C3), and the tensor of material properties A € L*°(;
R3*3x3x3) qatisfies the following assumptions (cf. Assumption 2.1).

Assumption A.14.

e Uniform positive-definiteness and uniform boundedness on symmetric matrices:
there exists v > 0 such that v|£|> < A(x)& : &£ < v !|§|* forall § e R33 &7 = ¢,
x € Q.
e Material symmetries: [Al;jxi; = [Aljin = [Alij, i, j, k.1 € {1,2,3}.

The weak form of this problem is stated in the following definition.

Definition A.15. (Robin boundary problem for elasticity) For given f € H~1(Q; C3),
g€ HV2Q; C?, findu € H'(Q; C3) such that

/AsymVu:syva+/ u~5=/f~5+/ g1 VYve H(Q; C).
Q Ele) Q a0

Notice that the map v — fasz g - v is a bounded linear functional on H'(§2; C3). Also,
the form
(u,v) — / Asym Vu : syva+/ u-v,
Q Q2
is coercive on H'(£2; C?) by Proposition A.6. Thus by the Lax-Milgram lemma, there
exists a unique weak solution u € H'(; C3) of (A.13) in the sense of Definition A.15,
and
lull g .03 < C(IF 103y + 18l m-1200:c3))-
The following two lemmata can be found in, e.g., [42].
Lemma A.16 (Regularity of the solution of Robin problem). Ler @ C R? be a bounded
domain with boundary 92 of class C1-1. Let f € L2(Q;C3), g € H'2(3Q; C3) and,
in addition to Assumption A.14, A € C%1(Q; R3*3*3%3) Then the unique weak solution
to the problem (A.13) belongs to HZ(Q; (C3), and

||u||H2(Q;<C3 = C(||f||L2(Q;C3) + ||g||H1/2(3§2;C3))'
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We are also interested in the solution to the Dirichlet boundary value problem

{ —div (AsymVu) = f on Q, (A.14)

u=g on 082,

where f € H~1(Q: C3), g € H/?(3Q; C?). Applying the Lax-Milgram lemma, we
infer that it has a unique weak solution u € H L(Q; C3.

Lemma A.17 (Regularity of the solution of Dirichlet problem). Suppose that Q@ C R3
be a bounded domain with cl! boundary 02, f € Lz(Q; (CS), g e H3/2(8§2; (C3),
and A e CO1(Q; R33%3%3) Then the solution to (A.14) belongs to H*(2; C3), and

lull g2.cy < C(IF N2y + 18l m3rpa:c))-

where the constant C depends only on Q2 and the C%'-norm of A.

A.3.1. Trace extension lemma A version of the following theorem can be found in [8].

Theorem A.18. Let Q@ C R be a bounded domain with C%' boundary 3Q. Let g, €
H'(0Q; C3), g € L2(32; C3). Then there exists u € H?*(S2; C?) such that duu = g1
and u = g on K2 if and only if

Viogo+g ®n e H/*(3; C?), (A.15)
where Vyq is the tangential gradient.

This leads us to the trace extension lemma.

Lemma A.19. Ler Q C R? be a bounded domain with boundary 9 of class C'! and
A e COI(Q; R33*3%3) Let g € HY?(3Q; C3). Then there exists u € H?>(2; C3)
such that

(AsymVu)n =g ondQ, u=0 onoQ. (A.16)

Proof. The first step is to note that for u € H?(Q; C3) such that u|r = 0 one has
Vulyq = optlpe @ n. (A.17)

Indeed, for an arbitrary point on d<2 consider an arbitrary vector v = o171 +a272 +a3n,
where 71, T2, nis an orthonormal basis of vectors 71, T, tangential on 92 and the vector
n is normal to 9€2. Then

Vulyo - v = o107 ulpq + 0207, ulpo + @30ptt]se = a30uu|ye,
due to the fact that 9, u|yq = dr,u = 0lpq. But, since @3 = v - n, one has
(Vulaq)v = (v - n) duulse = (Onttlse @ n))v,
and (A.17) follows. With this in hand, the first equation in (A.16) becomes
(A (Opulyo O n))n = g.

We proceed by introducing the new variable @ := 9d,,u|3q and consider the problem of
finding @ such that
(Awon)n =g. (A.18)
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The second step of the proof consists in showing that there exists a unique solution
[ONS HI/Z(BQ; (C3) to (A.18). Note that this is an algebraic equation for every x € 9€2.
For a fixed point x € 9, we consider the operator L, : C? — C3 defined by the
formula L,® := (A (@ © r(x)))n(x). It is symmetric and positive definite:

(Lew whes = (A0 @ n() )ne), w)_|
=Awonx): (won) = (Lw, )3,
(Lyw, )3 = Al@ O nx)) : (@ ©n(x))
> vwonw| > g|w|2|n(x)|2 — g|w|2, (A.19)

where we have used Assumption A.14. Thus, the problem L,®(x) = g(x) has a unique
solution for a.e. x € 9. It follows from (A.19) that det (Ly) > « > 0, uniformly in
x € 9Q. By C%! regularity of both the material coefficients and the normal r, we know
that both det (L,) and (det (L))" are of class C!. Then, by virtue of Cramer’s rule,
the function w(x) := (L)~ g(x) belongs to H'/2(3Q; C3). Thus, we have reduced
the problem (A.16) to finding u € H?($2; C3) such that 9,u = w on 3, u = 0
on 92, where w is the solution of (A.18). To complete the proof, it remains to check
the validity of the condition (A.15) and apply Theorem A.18, which is possible as
w®n e HY23Q; C?) due to the C%1(32; R?) regularity of n. O

A.4. Auxiliary proofs.

Proof of Theorem 4.3. The definition of the operator H;‘iff can be restated as follows:
Mg := G +u, where u € H/ (Ygitr; C), u|p = 0 is such that

ay . v) = —a)" (G, v) Vv e Hi Yy C), vlr =0,
and G € Hé(ystiff; C3) is an extension of g € H 2. ¢3) satisfying the bound
IIGIIHI(mﬁ;Ca‘)‘ < Cligllg1/2(r:c3), see Proposition A.4.
Recall that a(s)f‘;(f : H (Ysitr; C?) x H} (Yier; C¥) — R is the sesquilinear form of the

operator A(S)[i)f(f. We aim to find an expansion of the solution u € Hé (Ystife; (C3), ulr =0,

to
/ Agifr (sym V +iXy)u : (symV +iX,)v
Yyt

=- Astiff(SyIIlV+iXX) G: (symV+jXX) v (A.20)
Ysiifr
Vv e Hy (Yt C3), v|r =0.

in the form

oo
u= u0+Zun, (A.21)
n=1

where u,|r = 0 for all n, the H' norm of u, is of order |x|", while the error of
approximation
n
Uerror,n -=— U — UQ) — Zuk
k=1
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is of order | x |"*1.

The leading-order term u( corresponds to the harmonic lift in the case x = 0. With this
apriori intention, we plug the expansion (A.21) into (A.20) and equate the terms which
would be of order O (1) to obtain

/ Agifr sym Vg : sym Vo
Yiife

=— Agirsym VG : symVo Vo € H| (Yt (C3), v|r = 0.

Yitite
We recognise here the definition of the order-zero lift operator H%‘iff, namely H‘(“)tiff g=

uo+G =:1.
It is clear that

l#oll bt (vy:c3) = C UG m1 (vy:c3) = C &N H12 (s 03) -

We proceed to define u as the solutions to

Agifr sym Vuy : sym Vo
Yiifr

= —f AgifriX, % : sym Vo (A.22)
Yifr

— / Agisrsym VI 11X, v Vv € Hé (Ystiff; (C3), vlr =0.
Yseife

Clearly, one has |lu1ll g1y .03 < Clx| gl gi2rr.c3) - The next-order term of the
expansion is defined by

f Agiife sym Vuy : sym Vo
Yifr
= —f AsﬁffiXXﬁ DX, v — / AgifriXuy : sym Vo
Yifr

Y

- Agigesym Vauy 1 iX,v Vo € Hy (Yasitrs (CS), v|r = 0.

Ysifr

We see that [luall g1y, .03 < Clx 2 gl 7717213y - Continuing this process by induc-
tion for n > 3, we define u, by the recurrence relation

f Agiife sym Vu,, : sym Vo
Yife
= —/ AgigriX yuy, 2 11X v
Yititr
—/ AgifriXyup,—1 : symVo
Yiit

—/ Agifrsym Vu,_1 1iX,v Vv e H#}(Ystiff; (C3), vir =0,
Yiite
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so that unll g1 (y .03y < ClxI" gl g1/2(r.c3) for all n € N. The error term

n
Uerror,n -— U — Zuk’ neN,
k=0

satisfies
/ Astiff(symv +iXX) Uerrorn © (symV +iXX) v
Ysiir
= — / AgieriX oy 11X 0 — / AgieriXyup—1 11X 0
Ysiite Ysiite
— f AgigriX uy, @ sym Vo
Yitr
. 1 .3
— Agigrsym Vu, 1 iX,v Vv e Hy (Ysﬁff, C ), vilr = 0.

Yaiisr

It follows that ||uerr0r5n||H1(Ysljff;(c3) < C|X |n+1 ||g||H1/2(F;(C3) .

Proof of Lemma 5.1. The proof is by contradiction. Assume that for all n € N there
exist x, € Y and f, € ’Hmff(mft) such that || f, |l g1
N f, ||L2(ystiff(soft)§c3) = 0. From this, it is clear that

(Yuifr(sof); C3) = 1 and lim;,—, oo

Hl(ysi 50! §C3)
f, e A, (A.23)

We proceed by defining g, = f,Ir € gxn’ ie, f, = ﬁ?iff(s‘)ﬁ)gn. Since
I fll H Yyt sof:C3) = 1, due to the continuity of the trace operator, we conclude that
the sequence (g,,)nenN is bounded in H'2(I'; C3) and there exists g € £ such that (on

H'2(I:C) .
a subsequence) g, —— g. Furthermore, due to Proposition 3.17, the sequence

(Ilgn ||H”2(F;C3))neN is bounded below by a yx-independent C > O :
||gn||H]/2(F;C3) > C. (A.24)

However, due to the compactness of the trace operator acting from H 1 (Ystitf (soft); C3 )

to L2(I"; C3), from (A.23) we infer that g # 0, hence g = 0. Next, we note
that, on the one hand,

(A% gne g r2e) + (8 &) 2y < (CLX P+ D)l1gallZa ey
where we use the fact that g, € é"\x,,. On the other hand, one has

(A‘“ffgnv gn>L2(F cht (gna gn)LZ(F :C3)
_ )mef(gn’ gn) + ||gn||L2(r C3)

2
: stiff 2
z¢ (H (Sym Vi) T8 | sy sy * ”g"”LZ(F;@))

> C H Hsntt

2
" H (Vg C3) =C Hgn ”HI/Z(F;@) ,
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where we use the coercivity of the sesquilinear form (44), Proposition (A.9), and the
continuity of the trace operator. It follows that

||gn ”Hl/Z(r;(c3) E C||gn||L2(l";C3) - 07

which contradicts (A.24). |
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